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It is shown that the Euclidean group of translations, when treated as a Lie group,
generates translations not only in Euclidean space but on any space, curved or
not. Translations are then not necessarily vectors (straight lines); they can be
any curve compatible with the parameterization of the considered space. In
particular, attention is drawn to the fact that one and only one finite and free
module of the Lie algebra of the group of translations can generate both
modulated and non-modulated lattices, the modulated character being given
only by the parameterization of the space in which the lattice is generated.
Moreover, it is shown that the diffraction pattern of a structure is directly linked
to the action of that free and finite module. In the Fourier transform of a whole
structure, the Fourier transform of the electron density of one unit cell (i.e. the
structure factor) appears concretely, whether the structure is modulated or not.
Thus, there exists a neat separation: the geometrical aspect on the one hand and
the action of the group on the other, without requiring additional dimensions.

1. Introduction

A translation in Euclidean space [considered as the point
space, mentioned in Wondratschek (2002)] is described by a
vector; its action on a point consists in adding one real number
to each of its coordinates. However, this does not hold for any
space; the ship on a point of the sea can never be considered as
translated from another point by a vector, as the direction of
sailing changes at any point of the Earth (the sphere); more-
over, such a vector would not belong to the surface of the
sphere representing our planet. Notwithstanding this, a
passenger of the ship would have the impression of a move-
ment of translation.

The concept of translation might then be introduced in any
continuous space; there is no reason to limit it to the Eucli-
dean one. The question is how to formalize it. Defining a
translation through a vector is not suitable, since such objects
are not appropriate in the frame of curved spaces (such as a
sphere, a torus or a paraboloid, for instance). As mentioned
previously, a translation is intrinsically associated with the
notion of path, hence of curve. It might then be natural to
consider curves instead of vectors, in order to stay in the
considered space when moving from a point to another one. A
priori, these curves might be geodesics, that is curves of
minimal length, in such a way that in Euclidean space, in which
geodesics are straight lines, the concept of translation by a
vector is kept.

If recourse to geodesics is the evident way for extending the
notion of translation, a generalization for other families of
curves is even possible, owing to a very powerful mathematical
theory, namely that of Lie groups. This theory, which was

developed in the 19th century by the Norwegian mathemati-
cian Sophus Lie, provides the appropriate tools for describing
continuous symmetry of mathematical objects and structures.
Employing the technique of differential geometry, its use is
manifestly the best way for treating translations on manifolds.
In particular it will be shown that a same element of the group
of translations, seen as a Lie group, may generate from a point
various points in a manifold, according to the chosen para-
meterization of the latter. As will be shown further, this fact
constitutes a capital point in the elaboration of a common
theory for displacively modulated and non-modulated struc-
tures.

The current model for describing modulated structures,
in particular incommensurately modulated ones, is the so-
called superspace model (Janssen et al., 2004, 2007; Steurer
& Haibach, 2001; van Smaalen, 1995, 2007). In such
structures, atomic positions of atoms are those of a basic (or
average) structure (with a three-dimensional space-group
symmetry), to which a periodic wavefunction of the position
is applied. In the case where the wavelength of the wave-
function is incommensurate with the cell parameters of
the basic structure (i.e. the wavelength cannot be written
as a rational number times the cell parameters), the
structures are called aperiodic as it is no longer possible
to describe them as a three-dimensional repetition of a
unit cell. The periodicity might, however, be recovered when
embedding them into a higher-dimensional space, called
superspace. In such space, modulated crystals recover a
periodicity, in the sense that they can be seen as a repetition
of a unit cell in all dimensions. Two main consequences may
be evoked:
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(a) The augmented structure has symmetry, which is called
superspace symmetry; the symmetry operations may be written
in the traditional form: a matrix and a translation part. Note,
however, that the matrix part has some restrictions, as the
three dimensions in which the crystal exists cannot be mixed
with the added (internal) dimensions.

(b) The Fourier transform of the augmented structure may
be written as the product of the Dirac comb of the reciprocal
higher-dimensional lattice and the structure factor of the
augmented crystal.

These considerations show that superspace offers the
possibility to deal with incommensurate structures (and
also quasicrystals) in the same framework as usual three-
dimensional periodic functions, the main difference being the
number of dimensions.

The symmetry of modulated crystals has not only been
described by the superspace formalism. In 1983, J. M. Perez-
Mato and co-workers showed that the superspace groups can
be introduced through the invariance properties of the so-
called Landau free-energy expansion, avoiding any reference
to the diffraction pattern (Perez-Mato et al., 1984). Twelve
years later, Drager & Mermin (1996) suggested a model within
which the symmetry of modulated crystals appears in the
gauge function expressing the indistinguishability of the
Fourier coefficients of the electron density of a structure. If
both of these theories do not require a higher-dimensional
space for the description of the symmetry of modulated
structures, they nevertheless do not offer methods for deter-
mining such structures.

In the present work, we show that it is possible to treat the
symmetry and obtain the structure factor of displacively
modulated structures without adding dimensions. Thanks to
Lie theory, incommensurate structures have symmetry in our
three-dimensional space. Moreover, as is the case for periodic
structures, the three-dimensional Fourier transform of such
structures may also be separated into the Fourier transform of
one (modulated) unit cell on the one hand and the transla-
tional aspect (i.e. the translational symmetry) on the other.
Thus, modulated structures may be refined without the
necessity to work in a higher-dimensional space.

2. The group of translations as a Lie group

In a previous article (Kocian et al., 2009), it was shown that an
isometry in the n-dimensional Euclidean manifold [that is in
Euclidean space R" furnished with the natural coordinate
system u = (u!;...;u")] acts on any point with natural
(Cartesian) coordinates u = (u'; ...; u"), as

W=

-

Il
N

fij Mj + siv (161)
]

where s is a constant and fij is the component (i; j) of ann X n
constant orthogonal matrix. This relation may be written in a
compact matrix notation as

”1/7 = Fu, +s, (1b)

where s = (s';...;s") € R" is a constant. Equation (1b) is
often represented in a so-called augmented form, where the
matrix and translation parts are combined in one matrix of
larger size:

u'! fl1 fl,, | st u!
LA N Ve e | S
1 o ... 0o |1/\1

It is very practical but it presents the disadvantage that vectors
have an additional component which does not have a physical
meaning. An alternative way to combine the matrix and
translation part, without adding a dimension, consists in using
the derivative technique (Derendinger, 2001). Equation (1a)
can be written as

W= Z(fii + 8 Zsl 8,) W, (2a)
j=1

=1

where 9, = 3/du’. In matrix notation
u = <F +1,> ¢ 8,>u. (2b)
=1

A general isometry in the n-dimensional Euclidean space is
then represented by an n x n matrix F = F + S, where F is
the usual matrix part and S is the #n x n scalar matrix:

S=1,5s9, 3)
=1

In the case where F = I,, the isometry corresponds to a pure
translation, which is represented by the matrix S = I, + S. The
set of all pure translations in the Euclidean manifold is noted
Trans(R"). Besides the fact that it is a group, it also has the
structure of a smooth manifold (O’Neill, 1983). Indeed,
through the trivial parameterization:

n
(s ...;8) 1 — I,Y 59,
=

it can be identified to the manifold R", as {9,; ...; 9,} forms
the canonical basis of vector fields of R". The set of all pure
translations in R" is then, by definition, a Lie group which is
called a group of translations of the Euclidean manifold R".
According to manifold theory, the set

Will=i<n}

with

aS
= =1,9,

i~ au nYi
as’ |,y

where s = (s ...; 5"), (4)
constitutes the canonical basis of the tangent space of the
manifold Trans(R") at the origin (s = 0). This space, noted
trans(R"), is not only a vector space but even an algebra.
Indeed, besides the addition operation, the vector space is
furnished with a bilinear function trans(R") x teans(R")
— trans(R"), called a Lie bracket operation, which has skew-
symmetry property and which satisfies the Jacobi identity. In
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this context, the bracket operation is the commutator
[A; Bl = AB — BA, where A, B € teans(R"). Thus

Wi W]=0, Vi<ij<n, ®)
as 9; 9,f = 9, 9,f, for any function on R" the second derivative
of which exists.

According to manifold theory, the connection between
elements of a Lie group (which is a manifold) and objects of
their associated Lie algebra (which is, roughly speaking, the
tangent space of the Lie group at the origin) is given by the so-
called exponential map. In the case of invertible matrices, the
exponential map corresponds to the usual exponential func-
tion defined by its power series. Let us try to extend this result
to the case of the Euclidean group of translations. Let
V=>Y",sW e teans(R"), where s',...,s" are the compo-
nents of V in the canonical basis of trans(R"); then

n ; o0 1 n ;
(Een)-Sa(50)

=0

k
)

hence

exp (i st Wi) =1, exp (i st 8,) : 6)

i=1 i=1

This matrix is not equal to § = I, + S. However, the expres-
sion resulting from its application to the natural coordinates u
is equal to Su, as

exp (2": s' Bl.) u'

i=1

n 1 n 2
=1+ 50, | += s )+ o
(&) () ]
=u+s5+0+---.

Thus, the matrix S can be replaced by S = Lexp(3 i, s'0,)
and Trans(R") can be defined as

Trans(R") = {S‘ =TI, exp (Xn: st 81-)

s eR, 151’511}.
i=1

™)

The interesting point of this formulation is that Trans(R")
does not only generate translations in R” but also, at least
locally, in any manifold of dimension n embedded in R",
m > n. Indeed, let M C R™ be a manifold of dimension
n < m, U an open set of M, U an open set of R" and

H:U — UCM

u +— H(u),

u='...;u")and H = (h'; ...; ™), a local parameteriza-
tion of M. Then

exp (i s’ 8,) K (u)

=1

, " Ohi(u)
:hl !
(u)+;s o
" Phi(u)

- Lo ob
+211‘12:1S s ouh dub

1 & (D)
T 2 S

This expression is exactly the Taylor expansion of /' in a
neighbourhood of a point with natural coordinates u, provided
H(u+s) € Y. Thus

exp (é s! 8,>hi(u) = h'(u+s), )

the matrix S carries the point H(u) of M to the point H(u + s)
which also belongs to M. For any manifold M of dimension #,
embedded in R”, n < m, with

H:U — U
u 1— H(u)
a local parameterization,{ C M, UcRr" being two open sets,

u='...;u")and H = (h';...; k™), one can then define a
set Trans(M) as

Trans(M) = {S =1, exp <Xn: s! 8,)

=1

sZE]R}.

Any of its elements generates a translation in M provided
H(u+s5) € U when H(u) € Y. Trans(M) and Trans(R") are
almost the same, the only difference is in the size of the
identity matrix. Contrary to Trans(R"), Trans(M) in general
does not have the structure of a group, since certain elements
of Trans(M) carry points of & C M outside U, which is not
defined. This problem does not concern us, as we shall
henceforth only consider manifolds which can be para-
meterized by one one-to-one map H : R" — M. In such a
case, Trans(M) is a group and is called a group of translations
of M.

As an example, let us consider the two-dimensional sphere
S* ¢ R? with radius R. Let us take the following para-
meterization:

10 7] x [0 27 —> §7\ {(0; 0; =R); (0 0; R)}
(6; @) —> (Rsin 6 cos ¢; Rsinfsin ¢; R cos 6)

which covers all points without the north and south poles (in
order that H be one-to-one). This sphere S’ is a typical
example of a (two-dimensional) manifold embedded in the
three-dimensional Euclidean space. Note that it cannot
entirely be parameterized by one one-to-one map. Thus,
translations do not form a group in this case. The example is,
however, interesting because it concretely shows that trans-
lations do not necessarily follow straight lines; they adopt
rather the geometry of the considered space. Any element
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generating a translation can be written, with respect to the
chosen parameterization, as

S =ILexp(s’ 9, +s* 0,),

where 9, = 9/00 and 9, = 9/0¢. In the particular case where
s = 0, we have
(s” 39)k

kK

S = Lexp(s’9,) = I, Z
=0

Applying this matrix to points of S*, for instance the point with
coordinates (Rsin 6;; 0; R cos 6,), where 0 <6, < 7, we obtain

exp(s? 9,) 0 0 Rsinfcos ¢
0 exp(s? 9,) 0 Rsin @sin ¢
0 0 exp(s? 3,) Reost /) 4.
Rsin 6, Rcos 6,
= 0 + s’ 0
Rcos 9, —Rsin 6,
—Rsinf —Rcosf
GO I GO R
—Rcos 6, Rsin 6,
Rsin6 —Rsin6
O GO
= + o +...
Rcos 6, —Rcos 6,
Rcos 6, ) —Rcos 6,
+ Se 0 + T 0 +...
—Rsin 6, . Rsin 6,
Rsin#, coss’ Rcos#, sin s’

= 0 + 0

Rcos ), coss’ —Rsin 6, sins’

With some trigonometric addition formulae, we finally obtain

exp(s? 9,) 0 0 Rsinfcos ¢
0 exp(s? 9,) 0 Rsinfsin ¢
0 0 exp(s? 9,) Rcost .
Rsin(9, + s%)
= 0

Rcos(f, + s%)

This last expression corresponds to the coordinates of a point
on S* which lies on the same meridian as the starting point
(Rsin6;; 0; Rcos8,) (see Fig. 1). Thus, the path linking these
two points corresponds to the part of this meridian separating
them. The distance between them is therefore equal to the
length of this part of the meridian:

045"

¢= [ Rdr=Rs".
o

In order that the second point stays in the domain of the
parameterization, s? should be such that 8, + s? €0; 7[.

Figure 1

On the sphere, the movement of translation from a point to another one is
not along a straight line but along a curve; in this particular case, the curve
is a meridian.

2.1. Action of a one-parameter group of translations on a
manifold

The action of a group on a vector space is a concept rela-
tively well known, as it is directly connected to representation
theory. Notwithstanding this, it must be borne in mind that the
notion of action of a group is not limited to vector spaces;
important applications also exist in the case of manifolds.

For any group (G; ¢) with internal composition operation ¢
and neutral element e, a (left) action of G on a manifold M is a
map:

nw:gxmM — M
(g:p) +— u(g:p)
which satisfies the following conditions:

VpeM,
VpeMVg,g€<g.

ule; p) =p,
w(gy; uigr; p)) = (g, © g1); p)s

For the translation group, its action on a manifold M is defined
as follows. Let M C R"™ be an n-dimensional smooth manifold
parameterized by the smooth map H:R"— M, H=
(h';...; B™). The (left) action w, of the group of translation
Trans(M) on M is given by

i Trans(M) x M — M
(S: Hw)) —> ur(S; Hw)) = SH(u),

where H(u) is the column vector composed of h'(w), .. ., K" (u)
[note that H(u) corresponds to the natural coordinates in R”
of a point in M]. It is interesting to mention that SH(«) may be
written as

SH(u) = (Ho T o H')(H(u)),

where T is given by T(u) = Su. Indeed, according to the
Taylor series, SH(u) = H(u + s), which is exactly what we
obtain if we apply HoToH™' to H(u), as Su=u+s.
Rigorously speaking, Trans(M) is not directly the translation
group of the manifold M, but its matrix representation.
Elements of this group can also be represented by
H o T o H™!, the action of which is defined just above.

In Lie theory, important subgroups of Lie groups are the so-
called one-parameter subgroups. Such a subgroup in a Lie
group G is a smooth curve ¢ such that c(t; +t,) = c(t,)c(t,),
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which corresponds to a maximal integral curve of the elements
of the associated Lie algebra g, which start at the neutral
element e of the group. The Lie exponential map carries
elements V of the Lie algebra g to ¢, (1) € Gand ¢t i— exp(tV)
is the one-parameter subgroup generated by V (O’Neill, 1983).
In the case where the considered Lie group is GL,(R) (the set
of n x n invertible matrices), the Lie exponential map is the
map exp given by its power series exp V = >~ V¥ /k!. Let us
extend this result to the group Trans(M) and define one-
parameter subgroups as

R — Trans(M)

t —  exp(tV),

where

V=3sW, withW=1,3.

j=1
Note that, when ¢ = 1, we have exp(V), that is S‘, the matrix
associated with the translation s. The (left) action of such a
subgroup of Trans(M) on a point of the manifold M, the
coordinates of which are H(u), is

(exp(tV); H(u)) i—> exp(tV)H(u) = H(u + st),

where s = (s';...;s"). Thus, a one-parameter subgroup of
translations, that is a curve in Trans(M), generates a curve
in M.

2.2. Infinitesimal translation and tangent space

Let t t— exp(tV) H(u) C M be a curve going through the
point H(u), generated by the one-parameter subgroup
ti— exp(tV) C Trans(M), V=3 W, =1,>" 509,
acting on H(u). A point of the curve infinitely close to H(u) is
given by

exp(dt V) H(u) = H(u + s dr), 9)

where dr is an infinitesimal element of . Using the Taylor
development, we obtain

“\ 0H ,
H(u + sdf) = H(u) + ;W(u)ﬂ dr (10a)
in components:
H(u+sdf) = h'(u) + i%(u) s dt (10b)
o = o '

As dt is very small, the terms of higher order are negligible.
These last two expressions can also be obtained by considering
the exponential map series and keeping only the zero and first-
order terms (the other being negligible):

exp(dt V) =1, +dtV. (11)

The point of coordinates H(u + s dr) can be seen as the tip of a
tangent vector at the point of coordinates H(u). Indeed, the
tangent vector of the curve ¢t — H(u + st) at the point of
coordinates H(u) is

d .\ 0H ‘
v :aH(u-i—st)L:O = Zﬁ(u)y; (12q)
in components:
;ood o, o ;
V=i +5t)| _y = ;@(u)s’. (12b)

Multiplying these relations by df, we obtain an infinitesimal
tangent vector at the point of coordinates H(u), with the same
direction as v:

"~ 0H (1) ,
dr = _ s’ dt; 13
v g () (130)
in components:
P N R (w) -
Vide = Zv(u)s’dt, (13b)

j=1

vdt is exactly the second term of the Taylor development
[equation (10a)].
Equation (12a), which can be written as

Vv =

R

Il
N

S8 Hw) =35 W, H(u), (14)
=

where W, =1, 9;, shows that a vector of the Lie algebra
trans(M) generates a vector in the tangent space of M at the
point of coordinates H(u). In particular, any basis vector
W, € trans(M) generates the vector

= W H) = O ), (15)

which is the ith canonical basis vector of the tangent space of
M at the point of coordinates H(u), associated with the
parameterization H. As any tangent space to M has the same
dimension as the Lie algebra trans(M), we conclude that the
map that assigns any canonical basis vector W, € trans(M) to
the canonical basis vector w; of the tangent space of M at the
point of coordinates H(u) is linear and one-to-one. Hence, the
Lie algebra trans(M), seen as a vector space, and any tangent
space of M are isomorphic.

2.3. Lattice in a manifold and in its tangent spaces

The derivations done in the previous subsection show that
an infinitesimal translation, belonging to the Lie algebra
trans(M), generates in the manifold M a point very close to
the initial point, which can be seen as the tip of a tangent
vector of M at the initial point. When the translation is not
infinitesimal, this result in general does not hold any more.
Indeed, consider the (smooth) curve:

[0; 1] — trans(M)

n
— J
t— tV—t;s W,
=

The Lie exponential map carries this curve to a curve in the
translation group
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[0; 1] — Trans(M)

t 1—> exp(tV) = exp (t ZSjW/‘)
=

=
which generates a curve in the manifold M:

[0;1] — M
t t—> exp(tV)H(u) = H(u + st).

The tangent vector to this curve at the starting point, with
coordinates H(u), is

"~ 0H ,
y = ; 5 @05 (16)
and is not equal to H(u + s) in general. However, even if it is
not equal, a one-to-one correspondence between H(u + s)
and v can be exhibited. Indeed, since the derivative of a
(smooth) map at a point is unique, the tangent vector of
a curve at a point is also unique. Reciprocally, let
t+— H(u+ rt), r € R" be a family of curves which intersect
only at H(u); for a given vector v in the tangent space at the
point of coordinates H(u), there is, among these curves,
exactly one, the tangent vector of which at t =0 is v. This
vector v can also be obtained when applying the vector
V € trans(M) (that is the endpoint of the curve ¢ i1— tV
parameterized between 0 and 1) to H(u):

n ) n 8H
V H(u) = ;SJ W, H(u) = ;y S =v.  (17)

All these considerations can be summarized as follows.

Let R" and R™, m >n, be, respectively, the n- and
m-dimensional Euclidean spaces, and M C R™ a smooth
manifold of dimension n, parameterized by the diffeo-
morphism H :R" — M, H = (h';...; k™). Let T,M be the
tangent space of M at the point p of coordinates H(u,). Let
Trans (M) be the translation group of M and trans(M) its
Lie algebra.

Then
RTL
teans (M)
Trans(M) T,M
m /
%9
(9(% ) M ©

where

exp : trans(M) — Trans(M)
Vi— S =exp(V),

with V.=3" s W =1,>" 50,

actH(up)Trans(M) — M
S +—> SH (u,)
and
exp : TM — M

(Im Xn:sf 8j) H(u)|P I—> exp (Im ﬁ:sf Bj) H(u)|p.

trans(M) and T,M are isomorphic through the map

, » (18a)

SW, 1— > IW.H(u)
j=1 j=1

as well as R", seen as a vector space, and trans(M), through the
map

(s';...;8") 1— Zsti.

j=1

(18b)

It is important to keep in mind the notion of a one-para-
meter subgroup in Trans(M) and curve in M, even if it does
not concretely appear in the previous theorem. The €xp map
carries any vector v € T,M into the point c,(1) of the curve
t— ¢, (f), the expression in coordinates of which is
t = H(u, + st) and the tangent vector of which is v at H(u,).
As mentioned earlier, there is a one-to-one correspondence
between tangent vectors at a point of coordinates H(u) and
curves belonging to the family of curves, the expression in
coordinates of which is ¢ i— H(u + rt), where r € R". This is
due to the fact that there is exactly one straight line linking
two points in R” and that H is one-to-one. But this does not
mean that there is a one-to-one correspondence between
tangent vectors v and points c,(1). This is typically not the case
when M is a compact manifold. For instance, on the sphere S,
an infinity of curves (belonging to the same family, the meri-
dians in this case) link the north to the south poles. Thus, to
one point, the south pole, corresponds an infinity of tangent
vectors in the tangent space at the north pole, whereas there is
only one tangent vector at the north pole which is the tangent
vector of a given meridian (linking the north to the south
poles).

The previous theorem has an interesting application when a
finite free Z-module in R" is considered.

Let M C R" be a manifold parameterized by a diffeo-
morphism H: R" — M, H = (h'; ...; k™), and T,M its tangent
space at the point p of coordinates H(u,). Let Trans(M) be the
group of translations of M and trans(M) its Lie algebra. Let

Zy={Br|XeZ"},
where B € GL,(R) is an n-dimensional finite free Z-module in

R". To this module corresponds an n-dimensional finite free
Z-module in trans(M)

3= {_:(BAW;

j=

AeZﬂ, (19)

Acta Cryst. (2013). A69, 374-387

379

Philippe Kocian + The group of translations as a Lie group



research papers

which generates an n-dimensional finite free Z-module
“ 0H ; i
T, = {Zaw_(up)(B)»)] 'A e’ }
=
in T,M and a discrete subset

A ={H(u,+ BN |reZ")

in M. These results can be summarized in the following
diagram.

Zg

e

) T
m /
) > A P

The discrete subset A will be called a lattice in the manifold M
and the finite free Z-module 7Y, its representation in the
tangent space T, M.

o

exp(3%

This result is particularly useful for the description of
modulated structures. Let us recall that such a structure &
consists of a periodic deformation [through a function (para-
meterization) H] of a basic (average) structure S living in the
usual n-dimensional Euclidean space. Such a structure may be
written as

S={Hu,+B\)|1<a<ureZ,

where u, are the coordinates (atomic position) of the atom «
in the unit cell of S and B € GL,(R) is the matrix describing
the geometry of the lattice {BA | A € Z"} associated with S.
According to the preceding theorem, H(u, + BA) can be
written as

n

— b
u=it,

j=

H(u, + BA) = exp( (B,\)"W,.> H(u)
1

hence

S= {exp<i(BAy'Wj)H(u)|H ‘1 <a<p e Z”}.
j=1 ¢

We then arrive at the important conclusion that any structure,
be it modulated or not, can be described from one (decorated)
unit cell, by applying an operator of translation containing a
Z-module. This operator is exactly the same for both kinds of
structures; the difference appears in its action on points of the
unit cell. In the non-modulated case, the map H corresponds
to the identity and the action of the operator just consists of
adding an element of the Z-module to the coordinates of the
point, while in the modulated case, this action also corre-
sponds to a translation, but it takes account of the para-
meterization H of the space. Thus, thanks to Lie group theory,

one has a unified concept of translation for structures, be they
modulated or not, without considering any additional
dimensions. This claim will become more explicit in the next
section.

3. Electron density and Fourier transform

Diffraction by X-rays constitutes one of the most powerful
tools for studying crystals at the atomic scale. In a formal
mathematical language, diffraction by X-rays corresponds to
the calculation of the Fourier transform of the total electron
density of all the atoms constituting the crystal.

The appropriate framework for studying the Fourier
transform is the Schwartz space SCH(R") (see Strichartz,
1994), as this space is closed under the Fourier transform
operation: the Fourier transform of any function of SCH(R")
is also a function of SCH(R"). However, for crystallographic
applications, other functions, which are not in SCH(R"), must
be taken into account. Thanks to the theory of distributions,
such functions can be treated in the frame of the Schwartz
space as well, without creating any problem.

3.1. Structure in the manifold

For an n-dimensional crystal structure, one assumes that the
electron density p of an atom « is described by a function of
SCH(R™), which can be written as

R" — SCH(R")

ri— p,(r—r,),

where r=(r';...;7") is an n-dimensional variable and
r,=(r};...;r) are the coordinates of the centre of the
considered atom in R". These coordinates correspond to the
natural coordinates of the n-dimensional Euclidean manifold
R". The reason for using r here instead of u will become clear
further on. The shape of p depends on the kind of atom; the
function reaches its maximum values in a neighbourhood of
the centre of the atom and it vanishes when the norm of r — r,
tends to infinity.

We have seen previously that modulated structures are
described in a manifold M which corresponds to R", para-
meterized by the one-to-one map H : R" — M = R" which is
the sum of the identity map and a wavefunction of the posi-
tion. This function H carries the position u of an atom in the
average structure in R" to the displaced position r =
H(u) € R". A different letter is used for the same natural
coordinate system in R", in order to distinguish the domain
and the target; to be precise, we have ¥ = v/ o H(u) = h/(u),
where H = (h'; ...; h"). Electron densities on M are there-
fore elements of SCH(R").

Let us consider r, = H(u,). Then, the function ri—
po(r — H(u,)) is the electron density of an atom « centred at
the point of coordinates H(u,). It can be written as

ri— p, (r — H(u, + ”))‘u:()' (20)

Let Z;':l(B)L)jo be an element of 3} C trans(M) (see §2.3),
where W, = I, 9;, with 9, = 9/ o/, and B is the matrix char-

nvjp
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acterizing the geometry of the lattice associated with the
average structure of the modulated crystal to which the atom o
belongs. Then

= pa(r — H(u, + Bk)).

exp (é(BA)W{/j) 04 (r — H(u)) ‘u:ua
(1)
Indeed, p, can be considered as a function of u = @' ...;u"):
Pa(r — H(w)) = p,(w);
thus

exp (Z(B Ay Wj) oty .U

j=1

— p)+ Z(B py )
i N )
4= ]”22:1(3 1 (BL S 8;‘]_2
. & o (1)
Z (B AY(B LY o

11

which exactly corresponds to the Taylor series of p about u.
Summing equation (21) over A € Z", we obtain the electron
density of all the atoms « of the structure. Note that this result
may also be obtained by considering p,(r — H(u,, + u)) and by
taking its value at u = 0. This point of view is more practical,
as the valuation does not depend on o« any more; it will
therefore be used in the following calculations.
Let us consider the domain
={Bv|v=(h V),0<1V <1,V 1<i<n).

D is called the (primitive) unit cell of the average structure
and, by analogy, D = H(D) is the (primitive) unit cell of the
corresponding modulated crystal. Suppose that @ atoms (some
different, some similar) lie in D (in the average structure), the
centres of which are at the positions u,, 1 <« < u. Their
positions in the modulated structure are H(u,). The electron
density of all these atoms is then

pear(r) = z po(r — H(w,)). 22)
Let us write
Pean () = 2 por — H(uy + u)) 23)

and consider p,, as a function of u, too. Applying to this latter
the exponential of an element Z;Zl(Bk)’VI/j, taking its value at
u=0 and summing over A € Z", we obtain the electron
density p(r) of the whole modulated structure:

p(r)

|: exp Z(B)")]W)pcell u(”):|
[Z exp Z(BA)’W) Z P (r — H(uy + u)):|
= |:Z Z exp <Z(B)\)]W>Pa — H(u, + ”)):|

reZt a=1

1=0

u=0

= ZZpa(r—H(ua-i-Bk)). (24)

reZ" a=1

In the case where H = id (the identity map), we obtain the
electron density of the average structure. As in the previous
section, we see again that from the electron density of a unit
cell, the same set 3% generates the electron density of the
whole structure, be it modulated or not. Note that this
calculation was done under the assumption which consists of
taking the electron density of an atom « of the average
structure and displacing it in the corresponding modulated
structure without turning or distorting it. This is not comple-
tely correct, unless the electron densities of the atoms have a
spherical symmetry. The conclusion drawn just above is then
an approximation of the real case, which is good if the
amplitude of the modulation is rather weak (this makes sense,
because in the case of a huge amplitude, an average structure
corresponding to the modulated one would no longer exist).

In order to find the Fourier transform of p, we can either
take the last expression of equation (24) and do a traditional
calculation, or consider the first expression and exploit the fact
that the variable r appears only in o, ,. Following the second
way, we obtain

(Fp)(k)

-/ [Zexp(ﬂmw)pm(r)} explik -1 d's
R" AeZ"

u=0

Z €xp (Z(BA)/W> / Peen(r) exp(ik - r)d"r

rezZl
u=0
= |:Z exp (Z(BA)’W)
reZl
f Zpa — H(u, +u)) exp(ik-r)d"r} ,
R" a=1 u=0
where - is the FEuclidean scalar product, given by

k-r=>"_ k" (note thatk, = Y, _, 8,,k" = k*). Up to this
point, there was no need to specify H further. In the following
calculations, H shall be considered as the sum of the identity
and a displacement function H, that is H(u) = u + H(u). Thus

pa(r_H(ua +Ll)) = poz(r_ua —u—H(ua—‘ru))

Considering the change of variable 7 = r — u — H(u, + u), we
obtain
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(Fp)(k)
|:Z exp (Z(Bk)’W)
reZ”
/ Z 0, (F — u,) exp (ik (F4u+ H(uy + u))) d"?i|
R" =1 u=0
|:Z Z exp (Z(Bk)’W) exp ( (u+ H(u, + u)))
AEZ" a=1
/ 0, (F — u,) exp(ik - F) d”?]
R" u=0
= Z Zexp < (BA + H(u, + B,\)))
AeZ" a=1
. / 0, (F — u,)exp(ik - r)d"r
B
= Z i exp (ik . (Bk)) exp (ik - H(u, + BA))~
el a=1
/ 0,(F —u,)exp(ik - r)d"r. (25)
R

Note that, in this derivation, the calculation of the integral is
completely independent of the exponential of elements of 3%.
Let us now suppose that Hisa periodic wavefunction of the
position; that is

ui— H(E - u),

with H(E-u+T)=H(-u), for a T € RY; note that this
relation means that h/(é u + T)=H(-u), for each
1<j<n, where H=(h';...;h"). £ is an element of R"
called the wavevector of the wavefunction H.Let U € SO,(R)
be a matrix such that all components of the column vector
& = U are equal to zero, except the first one, the value of
which is &' = ||&|| = (& - 5)1/2. The same matrix U applied to
the column vector u defines ' = Uu. Thus

§ou="tu=

and H can be seen as a function of u'"
there exists a T € R, such that

H(l&l@w" + T)) = H(|Ellu™),

with T = T/||€| and u”* — exp(ik - H(u™)) is also a periodic
function, with the same period T; indeed

FUUN =¥ = [,

. Since it is periodic,

HW' '+ T)=

exp (ik - H(u" + 1)) = exp (i >k + T>)
j=1

= exp( ; h’(u’1)>
= exp(ik - H(u")).

=

It can then be developed into a Fourier series:

exp(ik - I:I(u“)) = > ¢, (k; &) exp(imwu'),

mez.
where w = 27/T and
T
% / exp(ik - fl(u/l)) exp(—imaou’) du”

t
t+T

1 ~
=7 / exp(ik - Hu'"") — imeu') du

t

c(k; &) =

The expression wu'! can be written

/1:2_7Tu/1:2ﬂ //1: 277" _

TOTETT TT|E Tm
We can consider T'|§]| = 1. Indeed, even if it were not the
case, we could define the vector § = §/T'||§|| and consider H as
a function of & - u. Thus

exp (ik - Hu" ) = X culk; &) exp(2imé - u).
meZ

Since exp(ik - H(u'")) = exp(ik - H(Eu"")) = exp(ik - H(& - u)),
then

wu

§ou=""ku

exp (ik - H( - u)) = 3 c,(k; &) exp(2mimé - w);

meZ

in particular

exp (ik H(E - (u, + BA)))

= > ¢,(k; &) exp (27'rimé (uy, + BA)).

mez

The Fourier transform of p then becomes
(Fp)(k)
"
= > Y exp (ik . (BA))-

AeZ" a=1

=3 ks &) exp (2mimé - (u, + BL))-

meZ

[ p(F — uy) exp(ik - ) d"F
e

S 3 Y ek £) exprimé - uy):

reZ" a=1 meZ
- exp (i(k + 2mé§) - (BA))-
[ pu(F — u,) exp(ik - ) d"F.

R"

The result of the summation over A finally gives

(Fp)(k) = 2m)" det B~ Y "¢, (k: £)-
meZ
> 8(k —2n(' (B - m§)>~
ez
. i / 0, (r —uy)exp(ik - r)d"r-
a=1 R
- exp(2mimé - u,), (26)
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where 4§ is the n-dimensional generalized Dirac function. This
formula shows that the Fourier transform of the electron

density of a modulated structure is non-zero only when
k=2n((B")W—mE), LeZ' mel. (27)

In the case where H = id (the identity map), all coefficients c,,
are equal to zero, except ¢, = 1. Equation (26) becomes

(Fp)k) = (2m)" det B~" " 8(k — 27 '(B~1)¢)-

LeZ”
n
Y [ por —uy) exp(ik - r)d"r; (28)
a=1R"
it is non-zero only when
k=2r'(B'), tecZ. (29)

The set
AN =pa'B YW |teZ)

is called the reciprocal lattice of A = {B)\ | A € Z"} which is
called the direct lattice. In order to eliminate the factor 2mw
appearing in A*, we introduce the variable k = k/2m. Thus, we
define the reciprocal lattice of A as

A ={BYHY|teZ".

The lattice A, seen in the tangent space at the origin T,R", has
the structure of a Z-module. A natural basis for A is
{Bey;...; Be,}, where e,...,e, are the column vectors
constituting the canonical basis of R" (the components of ¢,
are all equal to zero, except the ith, the value of which is 1); the
vectors {(B™")e,, ..., (B™')e, form a basis of A". Let us write
a,=Be and a = t(B‘l)ej, for all 1 <i,j < n; then

a;-a; ="a;a7 ="¢, ‘Bt(Bfl)ej ='e,e, =6 (30a)

and

* _t % _t -1 _t _
aj-a;='a;a; = e; B Bei_ eiei_é,-j.

(30b)

These relations appear in a clearer way when considering the
components of a; and a;:

- =
S

by b,

n

with B = (b")},_, and B™' = (b)) ;. The sets {a,: ...; a,}
and {a}; ...; a} are both bases of T,R" and are, respectively,
called the direct basis and reciprocal basis. Equations (30a)
and (30b) are properties of these bases and express, in a way,
the duality between the tangent space T,R" and the cotangent
space T:R", that is the space of all differential maps df of
f € CP(R"). This cotangent space is a vector space and its
elements are called one-forms. If (xl; ...; x") is a coordinate
system on a neighbourhood U/ of a manifold M, the one-forms
dx!,...,dx" form a dual basis of the coordinate vector
fields 9,,...,d, where 9 = d/ax', 1 <i<n, as dxi(aj) =
dx'/0x) = &'; (where &' is the Kronecker symbol). Thus, in our
case, if we write

=30, dm  (31)

m=1

a, =Y b9, and
i=

with 9, = 9/du’, we have

ati(ai) = Xn:Bjm du™ (Zn: b, 8[>
m=1 I=1

= Z Ejm b'; du”(3;)

I,m=1
n . n . )
=Y B, 08" =) b =45,
I,m=1 =1

In particular, this relation holds when a;,,1 <i <mn, and
a1 < j < n, are valued at the origin o. (a*'; ...;a") is the
dual basis of (a,; ...; a,). The components of a* are equal to
those of af, 1 <i < n. This is the reason why the reciprocal
basis is often referred to as the dual basis. In any case, we
should keep in mind that the vectors aj, ..., a} valued at o
belong to T,R" and not to T;R"; this explains why their index
is at the bottom and not at the top. In order to show that,
under a basis change, it is transformed in the same way as the
dual vectors a¥, 1 < i < n, the index is also often written at the
top, so that we have equivalent notations a; = a1 <i<n.
All these considerations show that the tangent and cotangent
spaces at a point are isomorphic. The fact that a} are elements
of a tangent and not cotangent space causes a problem with
units. Indeed, any vector g; has a unit of distance, whereas a;
has a unit of inverse distance. This problem disappears
completely when the dual basis, instead of the reciprocal one,
is considered. In this case, A € T,R", A" € TR", and the
Fourier transform should be defined as a map from T ,R" to
T;R".

As a conclusion of these few calculations, we can express
the following result:

Let p be the electron density of a crystal structure
S={H(u,+ B\ |1<a<pu kel

where A = {BA|A € Z"} is the associated lattice of the
corresponding average structure S. Let also p. |, be the
electron density of the atoms in one unit cell of S [see
equation (23)] and F p. ,|,—o its Fourier transform. Then

p(r) =Y exp <Z<B Ay a]-) Pect ()

reZ" j=1

(32a)

u=0

and

(Fp)k) = exp (Z(B Y a,-) (Fpean)(B)] i (32)

reZ

the same module 3% € trans(R") [see equation (19)] generates
p from p_,, and Fp from Fp,, (see Fig. 2).

The important point is that these two expressions hold for
any map H which is at least piecewise smooth, and therefore
also when H corresponds to the identity map. Common
formulae for the electron density and its Fourier transform
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Illustration of the effect of the Lie group of translations. (a) Deformation
of the average structure through the map H. (b) Through the exponential
of the module 3, the distorted unit cell generates the whole structure. (c)
In the tangent space, the unit cell is a parallelepiped and the whole
structure is obtained by applying to this cell the module 3. (d) The spots
appearing in the diffraction pattern are a consequence of the application
of the exponential of the module 3, to the Fourier transform of a unit
cell.

have been obtained, for non-modulated and (displacive)
modulated structures. The electron density of one unit cell, as
well as its Fourier transform, appear concretely, with a neat
separation with the aspect of translation. Note that, in the
non-modulated case, the application of the exponential of 3
to the electron density of one unit cell (respectively, its Fourier
transform) leads to the convolution (respectively, the normal
product) with this electron density (respectively, its Fourier
transform) and the Dirac comb of the direct lattice (respec-
tively, the Dirac comb of the reciprocal lattice).

If we have a look at equations (26) and (27), we see that F p
is in particular non-zero when k = 27 '(B~!)¢, that is on the
node of the reciprocal lattice A* of the lattice A associated
with the average structure S. Moreover, we notice that the
part of equation (26) for which m = 0 is identical to equation
(28). Thus, the Fourier transform of the electron density of a
modulated structure has exactly the same values on the points
k = 2 (B~1)¢ as that of the corresponding average structure.
In a way, we can say that the Fourier transform straightens out
the shape of a modulated structure; in contrast, it generates
additional points. Note that since Fp is non-zero when

k=2m (‘(B’l)e — (m/T||§||)§), so it is for |Fp|*. The points
k = 2m'(B~)¢ are called main reflections and all the others for
which Fp # 0 are called satellite reflections. The index m is
called the order of the satellite reflection.

3.2. Structure in the tangent space

Let us recall from §2 that the representation ’ZN'O of a
modulated structure S in the tangent space at the origin o is

T, = (Q0)u, +BA) |1 <a<urel

where Q = (0h'/du);,_;, H = (h'; ... ; h"). The corresponding
electron density can be written as

I
P = 2 X pu(v — 20 (4, +B1)). (33)
reZ" a=1
In this expression, the electron density p, of each atom « is
considered to be the same as that in the case of the structure in
the manifold; it is not turned according to the shape of Q(0)A.
There is no physical reason for proceeding in such a way, as
the structure in the tangent space does not describe reality and
is rather a tool for coherent definitions of space- and point-
group operations. The use of the same p, is motivated by the
wish to have a relatively simple way to connect the electron
density of a crystal in the manifold and that in a tangent space
(see next subsection).

Geometrically speaking, the representation of a modulated
structure in a tangent space has the shape of a non-modulated
structure in the n-dimensional Euclidean manifold. This
explains why o can be written as a convolution product
[which is in fact a consequence of the application of the
module 3; to the electron density of one unit cell in the
tangent space ,p. (see Fig. 2)]:

tgP = tgPcell * 59(0)/\’ (34)
where
i
lgpcell(v) = 2:1 ,OQ(V - Q(O)ua) (350)
and
Sama(m) = X 8(v — Q(0)1). (35b)
reZ’
The Fourier transform of ,p is then
(FgP)(K) = (F ig Leen) (K)(F Sy(02 ) (1)
i
= f Z Pu (v — Q(O)ua) exp(ix - v)d"v-
R a=1
> 8(v — Q(0)BA) exp(ix - #) d"¥
e reZl
n
= det (B_IQ(O)A) / Z Lo (v — Q(O)ua) exp(ix - v) d"v-

R a=1

>3 8(/{ — 271‘(319(0)1)6). (36)
ez

This expression is non-zero only when
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k=27 (B7'Q0)")e, ez, (37)

that is when

'Q0)")e, ez, (38)

k="(B"
where ¥ = «/2m. Note that, in the case where H is the identity
map, then

(Fop)6) = det B [ 3 p(v —

R a=1

<Y 8(k =27 (BTHE). (39)

ez

u,) exp(ix - v) d"v-

This equation is identical to equation (28), which is expected,
since a crystal structure in the Euclidean manifold and its
representation in the tangent space at the origin are exactly
the same. In this case, (F,p) is non-zero only when

k='B W, LteZ. (40)
The set
Ty ={(B'0) )| ter

is called the reciprocal lattice of Y, which is called the direct
lattice. Both lattices have the structure of a Z-module.

Note that the notions of direct and reciprocal lattices
are in fact related to the concepts of direct and
reciprocal bases. Natural bases for Y, and 7Y, are,
respectively, {Q(0)Be,;...; Q(0)Be,} and {'(B'Q(0) e,;

BN l(B_1§2(0)71)en}, where e, ..., e, are the column vectors
forming the canonical basis of R". With a; = Q(0)Be,,
l<i<n,anda’ = t(B*Q(O)*])ej, 1 <j < n, we immediately
see that a; - a’ = a - a; = §;;. This justifies the names of direct
and reciprocal lattices given, respectively, to T, and Y. As
discussed previously, it is more natural to consider Y, as a set
in T,M and Y} a set in T; M. Indeed, if we write

= Z Ell al
=1

(i)"].)jf],:1 and (2(0)B) ' =

and ai =y g’
m=1

where Q(0)B = J')i,i=l’ we obtain

da)= Y b, b dum@)|, =5
I,m=1

Thus, it appears that the more appropriate framework for the
Fourier transform is the Schwartz space on the tangent and
cotangent spaces at the origin o of the manifold M:

F : SCH(T,M) — SCH(T*M)
p1— Fp.

Indeed, F has a friendly behaviour if the space in which the
electron density is considered has the structure of a vector
space. In the Euclidean case, any crystal structure in the
manifold and its representation in the tangent space at the
origin are completely identical; hence the Fourier transform of
the electron density in the manifold and in the tangent space
at the origin are completely the same. However, for modulated
structures, this is more complicated. The previous calculations
would suggest considering the electron density of a structure
in the tangent space and obtaining its Fourier transform on the

cotangent space at the origin; however, this result does not
correspond to reality. It would make sense only if a connection
between the Fourier transform of the electron density of the
real structure and that of its tangent-space representation
could be established. This point will be treated in the next
subsection. Note that the tangent and cotangent spaces both
correspond to R”, the only difference lying in the base vectors
and their units. The canonical basis vectors of R” have no unit,
while those of T,M have a unit of distance and those of T;M a
unit of inverse distance.

3.3. Connection between manifold and tangent space

In equation (33) for ,, 0, the argument (0)(«, + BA) can be
written in components as

> o 0)(u > () + B k)’) il (”) . (41)
=1 j=1 u=0
where Q = ()] o1 = = (0n'/0u));;_,. To obtain h'(u, + BL)
from this expression, we need to apply the exponential of
Yo, + (B 1Y) d; to h' and take the value of the resulting
expression at u = 0. Since the exponential is given by its
power series, it appears, in the connection between ,p and p,
as an infinity of convolution products with Dirac functions.
Indeed, let us first consider

ri—s 8<r—— >y + B (u, + BAY: BZ.H(”_)) (42)

o w2
Ji:j2=1

J+(BAY) =

The convolution of this function with
ri— P, (r — > (u, +B1rY BjH(u))
j=1

is

/,0 (r—r —Z(u + By (u))

R

/ 1 - j
wS(r ~5 Z(ua—i—B)L)“

Ji:h=1

0 H(u)
B \)Y? arv,
ot )J ouwh 8u]2> r

that is

(r - Z( +BAY aH(”)

- Z(u + BAY! (u, + B L)

11 Ja=1

?H(u) )

o ou2

the first and second terms of the Taylor series of H appear in
the argument of p,. Taking this function and calculating the
convolution product with the Dirac function containing the
third term of the Taylor series of H, that is

FH(u)
o duhouws’

Y (g +BAY (uy + BA)” (u, + B2
CJrziz=l1
we obtain a function p, in the argument of which the first,
second and third terms of the Taylor series appear. Continuing
this procedure, we finally obtain a function p, such that all the
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terms of the Taylor series of H (the zeroth term, if it is not
equal to zero, also needs to be considered) appear in its
argument. Let

=1

tgpa(r) = Pa.u (V - Xn:(ua +B )“)J 8]H(L£)> (43)

and
SD’" H(u)(r)
. 0"H(u)
=5 R BAY! B Ay oA
(r / Z/ 1(” * )1 e ) o ,__3u1m)
(44)

where the variable v has been replaced by r. Then

pa(r) = (5H<u) * tgPau ¥ ( * 5D1;LAH(u)>>(7") , (45a)
m=2 i u=0

where 8, (r) = 8(r — H(u)). Note that H can always be
considered such that H(0) = 0, hence

Pa(T) = tgPau * ( ;‘2 5DZ:AH(u)>(T) (45b)
m=2

u=0

The calculation of the Fourier transform of p, is therefore
simply equal to the product of the Fourier transforms of each
term of the convolution product:

(Fpa)(k)
= (F8 1) )(F g (K) H(fam PG
= exp (ik . H(u)) / 10Peu(r) €Xp(ik - r)d"r-
o
]_[ exp <1k — Z (1, + BAY' .. (u, + BL)"
yHW \| ;
w ... aufm) 0

This expression almost contains the exponential of the scalar
product of ik and the Taylor series of H. To complete it, we
multiply (¥ p,)(k) by

1=exp (1k Z(u +BAY BH(u))

j=1

- exp (—1k Z( +BAY 8H(u)>

After simplification, we find

(Fr)k) = [ 14Par)], g explik - r)d"r-
R

u=0

- exp ( —ik - Q(0) (u, +BA))-
- exp (ik - H(u, + B)L)).

Carrying out the change of variable

r — Q(0)(u, + BX), we obtain

F—u, =

tgloa,u(;)|u:0 = loa(r - ua)?

and

(Fp, (k) = f PulF —

- exp(—ik - u,) exp (ik -H(u, + Bk))
= exp (ik . (BA)) exp (ik - H(u, + Bk))-

[ po(F — uy) exp(ik - ) d"F, (46)
i

u,) exp(ik - r)d"r-

where H = id + H. Summations over o and A yield the same
relation as equation (25). All these derivations can be
summarized as follows.

Let S be a modulated structure (in the manifold M para-
meterized by H) and

ri— p) = 3 pulr = Hu, + B1)).
A€Z" a=1
Then
= Z (6H(u) * tgPau * ( * 5DZ)>\H(U)>> (T‘)
AEZM a=1 m=2 =
and

(FO) = 5 3 o) KN F g, )

[1Fs,m)®)| .
m=2 U=

where , 0, , (14004 lu=o DeIng the electron density of the atom &
in the tangent space at the origin) and SDm H(u) AT€, respec-
tively, given by equations (43) and (44).

This proposition shows the connection between the electron
densities on the manifold and in the tangent space at the
origin, and that between the Fourier transforms of the electron
densities on the manifold and in the cotangent space at the
origin. This result becomes more explicit if we write the
expression of the Fourier transform of the electron density in
the tangent space at the origin,

> i [ P (r — Q(O)ua) exp(ik - r)d"r-

AeZ! a=1R"

-exp (ik - (2(0)B1)),

(Fiep)(k) =

and consider the change of variable 7 —u, = r — Q(0)u,.
Indeed, we obtain
Fa0 =3 [ ol =) explik- N

RrR”

AEZ" a=1
-exp(—ik - u,) exp (ik . (Q(OXua + BA))).

The substitution of Q(0)(x, + BA) by H(u, + BX) yields the
Fourier transform of the electron density of the structure
in the manifold. Note that the connection between
QO)(u, + BX) and H(u, + BA) is just the Taylor series
of H about 0. The summation over the terms of this
series appears as a convolution product in the expression for
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p and as a product in the expression for Fp, as it must be,
since the exponential of a sum is equal to a product of expo-
nentials.

4. Conclusion

The group of translations, seen as a Lie group, is an essential
tool for describing the periodicity of a crystal. Any crystal
structure, whether modulated or not, is obtained by the
application of a discrete subgroup of the translation group to
the points of a (decorated) unit cell. The translation group is
the instrument that generates the three-dimensional repetition
of a brick, while taking into account the particular geometry of
the space in which the cell is considered. Thus, the Fourier
transform of the electron density of a modulated structure can
be written as the Fourier transform of the electron density
over one (modulated) unit cell on which acts a discrete
subgroup of translations. The notion of structure factor is then
recovered in modulated structures, without using additional
dimensions.

The next step is to try to solve and refine a modulated
structure by using the concept of action of the translation
group on the electron density over a unit cell. As the structure
factor can be isolated in the expression of the Fourier trans-
form of the electron density of a modulated structure, this
should be possible somehow, even if the action of the elements

of the translation group on a point does not consist of a
multiplication but involves the concept of derivative.
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