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It is shown that the Euclidean group of translations, when treated as a Lie group,

generates translations not only in Euclidean space but on any space, curved or

not. Translations are then not necessarily vectors (straight lines); they can be

any curve compatible with the parameterization of the considered space. In

particular, attention is drawn to the fact that one and only one finite and free

module of the Lie algebra of the group of translations can generate both

modulated and non-modulated lattices, the modulated character being given

only by the parameterization of the space in which the lattice is generated.

Moreover, it is shown that the diffraction pattern of a structure is directly linked

to the action of that free and finite module. In the Fourier transform of a whole

structure, the Fourier transform of the electron density of one unit cell (i.e. the

structure factor) appears concretely, whether the structure is modulated or not.

Thus, there exists a neat separation: the geometrical aspect on the one hand and

the action of the group on the other, without requiring additional dimensions.

1. Introduction

A translation in Euclidean space [considered as the point

space, mentioned in Wondratschek (2002)] is described by a

vector; its action on a point consists in adding one real number

to each of its coordinates. However, this does not hold for any

space; the ship on a point of the sea can never be considered as

translated from another point by a vector, as the direction of

sailing changes at any point of the Earth (the sphere); more-

over, such a vector would not belong to the surface of the

sphere representing our planet. Notwithstanding this, a

passenger of the ship would have the impression of a move-

ment of translation.

The concept of translation might then be introduced in any

continuous space; there is no reason to limit it to the Eucli-

dean one. The question is how to formalize it. Defining a

translation through a vector is not suitable, since such objects

are not appropriate in the frame of curved spaces (such as a

sphere, a torus or a paraboloid, for instance). As mentioned

previously, a translation is intrinsically associated with the

notion of path, hence of curve. It might then be natural to

consider curves instead of vectors, in order to stay in the

considered space when moving from a point to another one. A

priori, these curves might be geodesics, that is curves of

minimal length, in such a way that in Euclidean space, in which

geodesics are straight lines, the concept of translation by a

vector is kept.

If recourse to geodesics is the evident way for extending the

notion of translation, a generalization for other families of

curves is even possible, owing to a very powerful mathematical

theory, namely that of Lie groups. This theory, which was

developed in the 19th century by the Norwegian mathemati-

cian Sophus Lie, provides the appropriate tools for describing

continuous symmetry of mathematical objects and structures.

Employing the technique of differential geometry, its use is

manifestly the best way for treating translations on manifolds.

In particular it will be shown that a same element of the group

of translations, seen as a Lie group, may generate from a point

various points in a manifold, according to the chosen para-

meterization of the latter. As will be shown further, this fact

constitutes a capital point in the elaboration of a common

theory for displacively modulated and non-modulated struc-

tures.

The current model for describing modulated structures,

in particular incommensurately modulated ones, is the so-

called superspace model (Janssen et al., 2004, 2007; Steurer

& Haibach, 2001; van Smaalen, 1995, 2007). In such

structures, atomic positions of atoms are those of a basic (or

average) structure (with a three-dimensional space-group

symmetry), to which a periodic wavefunction of the position

is applied. In the case where the wavelength of the wave-

function is incommensurate with the cell parameters of

the basic structure (i.e. the wavelength cannot be written

as a rational number times the cell parameters), the

structures are called aperiodic as it is no longer possible

to describe them as a three-dimensional repetition of a

unit cell. The periodicity might, however, be recovered when

embedding them into a higher-dimensional space, called

superspace. In such space, modulated crystals recover a

periodicity, in the sense that they can be seen as a repetition

of a unit cell in all dimensions. Two main consequences may

be evoked:
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(a) The augmented structure has symmetry, which is called

superspace symmetry; the symmetry operations may be written

in the traditional form: a matrix and a translation part. Note,

however, that the matrix part has some restrictions, as the

three dimensions in which the crystal exists cannot be mixed

with the added (internal) dimensions.

(b) The Fourier transform of the augmented structure may

be written as the product of the Dirac comb of the reciprocal

higher-dimensional lattice and the structure factor of the

augmented crystal.

These considerations show that superspace offers the

possibility to deal with incommensurate structures (and

also quasicrystals) in the same framework as usual three-

dimensional periodic functions, the main difference being the

number of dimensions.

The symmetry of modulated crystals has not only been

described by the superspace formalism. In 1983, J. M. Perez-

Mato and co-workers showed that the superspace groups can

be introduced through the invariance properties of the so-

called Landau free-energy expansion, avoiding any reference

to the diffraction pattern (Perez-Mato et al., 1984). Twelve

years later, Dräger & Mermin (1996) suggested a model within

which the symmetry of modulated crystals appears in the

gauge function expressing the indistinguishability of the

Fourier coefficients of the electron density of a structure. If

both of these theories do not require a higher-dimensional

space for the description of the symmetry of modulated

structures, they nevertheless do not offer methods for deter-

mining such structures.

In the present work, we show that it is possible to treat the

symmetry and obtain the structure factor of displacively

modulated structures without adding dimensions. Thanks to

Lie theory, incommensurate structures have symmetry in our

three-dimensional space. Moreover, as is the case for periodic

structures, the three-dimensional Fourier transform of such

structures may also be separated into the Fourier transform of

one (modulated) unit cell on the one hand and the transla-

tional aspect (i.e. the translational symmetry) on the other.

Thus, modulated structures may be refined without the

necessity to work in a higher-dimensional space.

2. The group of translations as a Lie group

In a previous article (Kocian et al., 2009), it was shown that an

isometry in the n-dimensional Euclidean manifold [that is in

Euclidean space Rn furnished with the natural coordinate

system u ¼ ðu1; . . . ; unÞ] acts on any point with natural

(Cartesian) coordinates u ¼ ðu1; . . . ; unÞ, as

u0i ¼
Pn
j¼1

f i
j uj þ si; ð1aÞ

where si is a constant and f i
j is the component ði; jÞ of an n� n

constant orthogonal matrix. This relation may be written in a

compact matrix notation as

u0p ¼ Fup þ s; ð1bÞ

where s ¼ ðs1; . . . ; snÞ 2 R
n is a constant. Equation (1b) is

often represented in a so-called augmented form, where the

matrix and translation parts are combined in one matrix of

larger size:

u01

..

.

u0n

1

0BBB@
1CCCA ¼

f 1
1 . . . f 1

n s1

..

. . .
. ..

. ..
.

f n
1 . . . f n

n sn

0 . . . 0 1

0BBB@
1CCCA

u1

..

.

un

1

0BBB@
1CCCA:

It is very practical but it presents the disadvantage that vectors

have an additional component which does not have a physical

meaning. An alternative way to combine the matrix and

translation part, without adding a dimension, consists in using

the derivative technique (Derendinger, 2001). Equation (1a)

can be written as

u0i ¼
Xn

j¼1

f i
j þ �

i
j

Xn

l¼1

sl @l

 !
uj; ð2aÞ

where @l
�
�= @=@u

l. In matrix notation

u0 ¼ F þ In

Pn
l¼1

sl @l

� �
u: ð2bÞ

A general isometry in the n-dimensional Euclidean space is

then represented by an n� n matrix F ¼ F þ S, where F is

the usual matrix part and S is the n� n scalar matrix:

S ¼ In

Pn
l¼1

sl @l: ð3Þ

In the case where F ¼ In, the isometry corresponds to a pure

translation, which is represented by the matrix S ��= In þ S. The

set of all pure translations in the Euclidean manifold is noted

TransðRn
Þ. Besides the fact that it is a group, it also has the

structure of a smooth manifold (O’Neill, 1983). Indeed,

through the trivial parameterization:

ðs1; . . . ; snÞ 7�! In

Pn
l¼1

sl @l;

it can be identified to the manifold Rn, as f@1; . . . ; @ng forms

the canonical basis of vector fields of Rn. The set of all pure

translations in Rn is then, by definition, a Lie group which is

called a group of translations of the Euclidean manifold Rn.

According to manifold theory, the set

fWi j 1 � i � ng;

with

Wi
�
�=
@S

@si

����
s¼0

¼ In @i; where s ¼ ðs1; . . . ; sn
Þ; ð4Þ

constitutes the canonical basis of the tangent space of the

manifold TransðRn
Þ at the origin (s ¼ 0). This space, noted

transðR
n
Þ, is not only a vector space but even an algebra.

Indeed, besides the addition operation, the vector space is

furnished with a bilinear function transðR
n
Þ � transðR

n
Þ

! transðR
n
Þ, called a Lie bracket operation, which has skew-

symmetry property and which satisfies the Jacobi identity. In
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this context, the bracket operation is the commutator

½A; B� ¼ AB� BA, where A;B 2 transðR
n
Þ. Thus

½Wi; Wj� ¼ 0n; 8 1 � i; j � n; ð5Þ

as @i @jf ¼ @j @if , for any function on Rn the second derivative

of which exists.

According to manifold theory, the connection between

elements of a Lie group (which is a manifold) and objects of

their associated Lie algebra (which is, roughly speaking, the

tangent space of the Lie group at the origin) is given by the so-

called exponential map. In the case of invertible matrices, the

exponential map corresponds to the usual exponential func-

tion defined by its power series. Let us try to extend this result

to the case of the Euclidean group of translations. Let

V ¼
Pn

i¼1 si Wi 2 transðR
n
Þ, where s1; . . . ; sn are the compo-

nents of V in the canonical basis of transðRn
Þ; then

exp
Xn

i¼1

si Wi

 !
¼
X1
k¼0

1

k!

Xn

i¼1

si Wi

 !k

;

hence

exp
Pn
i¼1

si Wi

� �
¼ In exp

Pn
i¼1

si @i

� �
: ð6Þ

This matrix is not equal to S ¼ In þ S. However, the expres-

sion resulting from its application to the natural coordinates u

is equal to Su, as

exp
Xn

i¼1

si @i

 !
ui

¼

"
1þ

Xn

i¼1

si @i

 !
þ

1

2

Xn

i¼1

si @i

 !2

þ � � �

#
ui

¼ ui þ si þ 0þ � � � :

Thus, the matrix S can be replaced by ~SS ��= In expð
Pn

i¼1 si @iÞ

and TransðRn
Þ can be defined as

TransðRn
Þ ¼ ~SS ¼ In exp

Pn
i¼1

si @i

� � ���� si 2 R; 1 � i � n

� �
:

ð7Þ

The interesting point of this formulation is that TransðRn
Þ

does not only generate translations in Rn but also, at least

locally, in any manifold of dimension n embedded in Rm,

m � n. Indeed, let M 	 Rm be a manifold of dimension

n � m, U an open set of M, ~UU an open set of Rn and

H : ~UU �! U 	 M

u 7 �! HðuÞ;

u ¼ ðu1; . . . ; unÞ and H ¼ ðh1; . . . ; hmÞ, a local parameteriza-

tion of M. Then

exp
Xn

l¼1

sl @l

 !
hi
ðuÞ

¼ hiðuÞ þ
Xn

l¼1

sl @h
iðuÞ

@ul

þ
1

2

Xn

l1;l2¼1

sl1 sl2
@2hiðuÞ

@ul1 @ul2
þ � � �

þ
1

r!

Xn

l1;...;lr¼1

sl1 � � � slr
@rhiðuÞ

@ul1 . . . @ulr
þ � � � :

This expression is exactly the Taylor expansion of hi in a

neighbourhood of a point with natural coordinates u, provided

Hðuþ sÞ 2 U . Thus

exp
Pn
l¼1

sl @l

� �
hi
ðuÞ ¼ hi

ðuþ sÞ; ð8Þ

the matrix ~SS carries the point HðuÞ of M to the point Hðuþ sÞ

which also belongs to M. For any manifold M of dimension n,

embedded in Rm, n � m, with

H : ~UU �! U

u 7 �! HðuÞ

a local parameterization, U 	 M, ~UU 	 Rn being two open sets,

u ¼ ðu1; . . . ; unÞ and H ¼ ðh1; . . . ; hmÞ, one can then define a

set TransðMÞ as

TransðMÞ ¼ ~SS ¼ Im exp
Pn
l¼1

sl @l

� � ���� sl
2 R

� �
:

Any of its elements generates a translation in M provided

Hðuþ sÞ 2 U when HðuÞ 2 U . TransðMÞ and TransðRn
Þ are

almost the same, the only difference is in the size of the

identity matrix. Contrary to TransðRn
Þ, TransðMÞ in general

does not have the structure of a group, since certain elements

of TransðMÞ carry points of U 	 M outside U, which is not

defined. This problem does not concern us, as we shall

henceforth only consider manifolds which can be para-

meterized by one one-to-one map H : Rn
! M. In such a

case, TransðMÞ is a group and is called a group of translations

of M.

As an example, let us consider the two-dimensional sphere

S
2
	 R

3 with radius R. Let us take the following para-

meterization:

�0;�½ � ½0; 2�½ �! S
2
n fð0; 0;�RÞ; ð0; 0; RÞg

ð�; ’Þ 7�! ðR sin � cos ’; R sin � sin ’; R cos �Þ

which covers all points without the north and south poles (in

order that H be one-to-one). This sphere S2 is a typical

example of a (two-dimensional) manifold embedded in the

three-dimensional Euclidean space. Note that it cannot

entirely be parameterized by one one-to-one map. Thus,

translations do not form a group in this case. The example is,

however, interesting because it concretely shows that trans-

lations do not necessarily follow straight lines; they adopt

rather the geometry of the considered space. Any element
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generating a translation can be written, with respect to the

chosen parameterization, as

~SS ¼ I3 expðs� @� þ s’ @’Þ;

where @� ¼ @=@� and @’ ¼ @=@’. In the particular case where

s’ ¼ 0, we have

~SS ¼ I3 expðs� @�Þ ¼ I3

X1
k¼0

ðs� @�Þ
k

k!
:

Applying this matrix to points of S2, for instance the point with

coordinates ðR sin �1; 0; R cos �1Þ, where 0<�1 <�, we obtain

expðs� @�Þ 0 0

0 expðs� @�Þ 0

0 0 expðs� @�Þ

0B@
1CA R sin � cos ’

R sin � sin ’

R cos �

0B@
1CA
ð�1; 0Þ

¼

R sin �1

0

R cos �1

0B@
1CAþ s�

R cos �1

0

�R sin �1

0B@
1CA

þ
ðs�Þ

2

2!

�R sin �1

0

�R cos �1

0B@
1CAþ ðs�Þ3

3!

�R cos �1

0

R sin �1

0B@
1CAþ . . .

¼

R sin �1

0

R cos �1

0B@
1CAþ ðs�Þ2

2!

�R sin �1

0

�R cos �1

0B@
1CAþ . . .

þ s�
R cos �1

0

�R sin �1

0B@
1CAþ ðs�Þ3

3!

�R cos �1

0

R sin �1

0B@
1CAþ . . .

¼

R sin �1 cos s�

0

R cos �1 cos s�

0B@
1CAþ R cos �1 sin s�

0

�R sin �1 sin s�

0B@
1CA:

With some trigonometric addition formulae, we finally obtain

expðs� @�Þ 0 0

0 expðs� @�Þ 0

0 0 expðs� @�Þ

0B@
1CA R sin � cos ’

R sin � sin ’

R cos �

0B@
1CA
ð�1; 0Þ

¼

R sinð�1 þ s�Þ

0

R cosð�1 þ s�Þ

0B@
1CA:

This last expression corresponds to the coordinates of a point

on S2 which lies on the same meridian as the starting point

ðR sin �1; 0; R cos �1Þ (see Fig. 1). Thus, the path linking these

two points corresponds to the part of this meridian separating

them. The distance between them is therefore equal to the

length of this part of the meridian:

‘ ¼
R�1þs�

�1

R dt ¼ Rs�:

In order that the second point stays in the domain of the

parameterization, s� should be such that �1 þ s� 2 �0;�½.

2.1. Action of a one-parameter group of translations on a
manifold

The action of a group on a vector space is a concept rela-

tively well known, as it is directly connected to representation

theory. Notwithstanding this, it must be borne in mind that the

notion of action of a group is not limited to vector spaces;

important applications also exist in the case of manifolds.

For any group ðG; 
Þ with internal composition operation 


and neutral element e, a (left) action of G on a manifold M is a

map:

� : G �M �! M

ðg; pÞ 7�! �ðg; pÞ

which satisfies the following conditions:

�ðe; pÞ ¼ p; 8 p 2 M;
�ðg2;�ðg1; pÞÞ ¼ �ððg2 
 g1Þ; pÞ; 8 p 2 M; 8 g1; g2 2 G:

For the translation group, its action on a manifold M is defined

as follows. Let M 	 Rm be an n-dimensional smooth manifold

parameterized by the smooth map H : Rn
! M, H ¼

ðh1; . . . ; hmÞ. The (left) action �T of the group of translation

TransðMÞ on M is given by

�T : TransðMÞ �M �! M

~SS; HðuÞ
� �

7 �! �T
~SS; HðuÞ
� �

¼ ~SSHðuÞ;

where HðuÞ is the column vector composed of h1ðuÞ; . . . ; hmðuÞ

[note that HðuÞ corresponds to the natural coordinates in Rm

of a point in M]. It is interesting to mention that ~SSHðuÞmay be

written as

~SSHðuÞ ¼ ðH � T �H�1
ÞðHðuÞÞ;

where T is given by TðuÞ ¼ ~SSu. Indeed, according to the

Taylor series, ~SSHðuÞ ¼ Hðuþ sÞ, which is exactly what we

obtain if we apply H � T �H�1 to HðuÞ, as ~SSu ¼ uþ s.

Rigorously speaking, TransðMÞ is not directly the translation

group of the manifold M, but its matrix representation.

Elements of this group can also be represented by

H � T �H�1, the action of which is defined just above.

In Lie theory, important subgroups of Lie groups are the so-

called one-parameter subgroups. Such a subgroup in a Lie

group G is a smooth curve c such that cðt1 þ t2Þ ¼ cðt1Þcðt2Þ,
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Figure 1
On the sphere, the movement of translation from a point to another one is
not along a straight line but along a curve; in this particular case, the curve
is a meridian.



which corresponds to a maximal integral curve of the elements

of the associated Lie algebra g, which start at the neutral

element e of the group. The Lie exponential map carries

elements V of the Lie algebra g to cVð1Þ 2 G and t 7! expðtVÞ

is the one-parameter subgroup generated by V (O’Neill, 1983).

In the case where the considered Lie group is GLnðRÞ (the set

of n� n invertible matrices), the Lie exponential map is the

map exp given by its power series exp V ¼
P1

k¼0 Vk=k!. Let us

extend this result to the group TransðMÞ and define one-

parameter subgroups as

R �! TransðMÞ

t 7 �! expðtVÞ;

where

V ¼
Pn
j¼1

sj Wj; with Wj ¼ Im @j:

Note that, when t ¼ 1, we have expðVÞ, that is ~SS, the matrix

associated with the translation s. The (left) action of such a

subgroup of TransðMÞ on a point of the manifold M, the

coordinates of which are HðuÞ, is

ðexpðtVÞ; HðuÞÞ 7�! expðtVÞHðuÞ ¼ Hðuþ stÞ;

where s ¼ ðs1; . . . ; snÞ. Thus, a one-parameter subgroup of

translations, that is a curve in TransðMÞ, generates a curve

in M.

2.2. Infinitesimal translation and tangent space

Let t 7! expðt VÞHðuÞ 	 M be a curve going through the

point HðuÞ, generated by the one-parameter subgroup

t 7! expðt VÞ 	 TransðMÞ, V ¼
Pn

j¼1 sj Wj ¼ Im

Pn
j¼1 sj @j,

acting on HðuÞ. A point of the curve infinitely close to HðuÞ is

given by

expðdt VÞHðuÞ ¼ Hðuþ s dtÞ; ð9Þ

where dt is an infinitesimal element of t. Using the Taylor

development, we obtain

Hðuþ s dtÞ ffi HðuÞ þ
Xn

j¼1

@H

@uj
ðuÞ sj dt ð10aÞ

in components:

hiðuþ s dtÞ ffi hiðuÞ þ
Xn

j¼1

@hi

@uj
ðuÞ sj dt: ð10bÞ

As dt is very small, the terms of higher order are negligible.

These last two expressions can also be obtained by considering

the exponential map series and keeping only the zero and first-

order terms (the other being negligible):

expðdt VÞ ffi Im þ dt V: ð11Þ

The point of coordinates Hðuþ s dtÞ can be seen as the tip of a

tangent vector at the point of coordinates HðuÞ. Indeed, the

tangent vector of the curve t 7! Hðuþ stÞ at the point of

coordinates HðuÞ is

v ¼
d

dt
Hðuþ stÞ

��
t¼0
¼
Xn

j¼1

@H

@uj
ðuÞ sj; ð12aÞ

in components:

vi
¼

d

dt
hi
ðuþ stÞ

��
t¼0
¼
Xn

j¼1

@hi

@uj
ðuÞ sj: ð12bÞ

Multiplying these relations by dt, we obtain an infinitesimal

tangent vector at the point of coordinates HðuÞ, with the same

direction as v:

v dt ¼
Xn

j¼1

@HðuÞ

@uj
ðuÞ sj dt; ð13aÞ

in components:

vi dt ¼
Xn

j¼1

@hiðuÞ

@uj
ðuÞ sj dt; ð13bÞ

v dt is exactly the second term of the Taylor development

[equation (10a)].

Equation (12a), which can be written as

v ¼
Pn
j¼1

sj @j HðuÞ ¼
Pn
j¼1

sj Wj HðuÞ; ð14Þ

where Wj ¼ Im @j, shows that a vector of the Lie algebra

transðMÞ generates a vector in the tangent space of M at the

point of coordinates HðuÞ. In particular, any basis vector

Wi 2 transðMÞ generates the vector

wi ¼ Wi HðuÞ ¼
@H

@ui
ðuÞ; ð15Þ

which is the ith canonical basis vector of the tangent space of

M at the point of coordinates HðuÞ, associated with the

parameterization H. As any tangent space to M has the same

dimension as the Lie algebra transðMÞ, we conclude that the

map that assigns any canonical basis vector Wi 2 transðMÞ to

the canonical basis vector wi of the tangent space of M at the

point of coordinates HðuÞ is linear and one-to-one. Hence, the

Lie algebra transðMÞ, seen as a vector space, and any tangent

space of M are isomorphic.

2.3. Lattice in a manifold and in its tangent spaces

The derivations done in the previous subsection show that

an infinitesimal translation, belonging to the Lie algebra

transðMÞ, generates in the manifold M a point very close to

the initial point, which can be seen as the tip of a tangent

vector of M at the initial point. When the translation is not

infinitesimal, this result in general does not hold any more.

Indeed, consider the (smooth) curve:

½0; 1� �! transðMÞ

t 7 �! tV ¼ t
Pn
j¼1

sjWj:

The Lie exponential map carries this curve to a curve in the

translation group
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½0; 1� �! TransðMÞ

t 7 �! expðtVÞ ¼ exp t
Pn
j¼1

sjWj

 !

which generates a curve in the manifold M:

½0; 1� �! M

t 7 �! expðtVÞHðuÞ ¼ Hðuþ stÞ:

The tangent vector to this curve at the starting point, with

coordinates HðuÞ, is

v ¼
Xn

j¼1

@H

@uj
ðuÞ sj

ð16Þ

and is not equal to Hðuþ sÞ in general. However, even if it is

not equal, a one-to-one correspondence between Hðuþ sÞ

and v can be exhibited. Indeed, since the derivative of a

(smooth) map at a point is unique, the tangent vector of

a curve at a point is also unique. Reciprocally, let

t 7! Hðuþ rtÞ, r 2 Rn be a family of curves which intersect

only at HðuÞ; for a given vector v in the tangent space at the

point of coordinates HðuÞ, there is, among these curves,

exactly one, the tangent vector of which at t ¼ 0 is v. This

vector v can also be obtained when applying the vector

V 2 transðMÞ (that is the endpoint of the curve t 7! tV

parameterized between 0 and 1) to HðuÞ:

V HðuÞ ¼
Xn

j¼1

sj Wj HðuÞ ¼
Xn

j¼1

sj @H

@uj
ðuÞ ¼ v: ð17Þ

All these considerations can be summarized as follows.

Let R
n and R

m, m � n, be, respectively, the n- and

m-dimensional Euclidean spaces, and M 	 Rm a smooth

manifold of dimension n, parameterized by the diffeo-

morphism H : Rn
! M;H ¼ ðh1; . . . ; hmÞ. Let TpM be the

tangent space of M at the point p of coordinates HðupÞ. Let

Trans (M) be the translation group of M and transðMÞ its

Lie algebra.

Then

where

exp : transðMÞ �! TransðMÞ

V 7 �! ~SS ¼ expðVÞ;

with V ¼
Pn

j¼1 sj Wj ¼ Im

Pn
j¼1 sj @j,

actHðupÞ
TransðMÞ �! M

~SS 7 �! ~SSHðupÞ

and gexpexp : TpM �! M

Im

Pn
j¼1

sj @j

 !
HðuÞ

��
p
7 �! exp Im

Pn
j¼1

sj @j

 !
HðuÞ

��
p
:

transðMÞ and TpM are isomorphic through the mapPn
j¼1

sjWj 7 �!
Pn
j¼1

sjWjHðuÞ
��

p
; ð18aÞ

as well asRn, seen as a vector space, and transðMÞ, through the

map

ðs1; . . . ; snÞ 7�!
Pn
j¼1

sjWj: ð18bÞ

It is important to keep in mind the notion of a one-para-

meter subgroup in TransðMÞ and curve in M, even if it does

not concretely appear in the previous theorem. The gexpexp map

carries any vector v 2 TpM into the point cvð1Þ of the curve

t 7! cvðtÞ, the expression in coordinates of which is

t 7! Hðup þ stÞ and the tangent vector of which is v at HðupÞ.

As mentioned earlier, there is a one-to-one correspondence

between tangent vectors at a point of coordinates HðuÞ and

curves belonging to the family of curves, the expression in

coordinates of which is t 7! Hðuþ rtÞ, where r 2 Rn. This is

due to the fact that there is exactly one straight line linking

two points in Rn and that H is one-to-one. But this does not

mean that there is a one-to-one correspondence between

tangent vectors v and points cvð1Þ. This is typically not the case

when M is a compact manifold. For instance, on the sphere S2,

an infinity of curves (belonging to the same family, the meri-

dians in this case) link the north to the south poles. Thus, to

one point, the south pole, corresponds an infinity of tangent

vectors in the tangent space at the north pole, whereas there is

only one tangent vector at the north pole which is the tangent

vector of a given meridian (linking the north to the south

poles).

The previous theorem has an interesting application when a

finite free Z-module in Rn is considered.

Let M 	 Rm be a manifold parameterized by a diffeo-

morphism H: Rn
! M;H = (h1; . . . ; hm), and TpM its tangent

space at the point p of coordinates HðupÞ. Let TransðMÞ be the

group of translations of M and transðMÞ its Lie algebra. Let

Z
n
B ¼ fB� j � 2 Z

n
g;

where B 2 GLnðRÞ is an n-dimensional finite free Z-module in

R
n. To this module corresponds an n-dimensional finite free

Z-module in transðMÞ

Z
n
B ¼

Pn
j¼1

ðB�ÞjWj

����� 2 Zn

( )
; ð19Þ
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which generates an n-dimensional finite free Z-module

�p ¼
Xn

j¼1

@H

@uj
ðupÞ ðB �Þ

j

���� � 2 Zn

( )
in TpM and a discrete subset

~�� ¼ fHðup þ B�Þ j � 2 Zn
g

in M. These results can be summarized in the following

diagram.

The discrete subset ~�� will be called a lattice in the manifold M

and the finite free Z-module �p its representation in the

tangent space TpM.

This result is particularly useful for the description of

modulated structures. Let us recall that such a structure ~SS
consists of a periodic deformation [through a function (para-

meterization) H] of a basic (average) structure S living in the

usual n-dimensional Euclidean space. Such a structure may be

written as

~SS ¼ fHðu� þ B�Þ j 1 � � � �; � 2 Zn
g;

where u� are the coordinates (atomic position) of the atom �
in the unit cell of S and B 2 GLnðRÞ is the matrix describing

the geometry of the lattice fB� j � 2 Zn
g associated with S.

According to the preceding theorem, Hðu� þ B�Þ can be

written as

Hðu� þ B�Þ ¼ exp
Pn
j¼1

ðB�ÞjWj

 !
HðuÞ

��
u¼u�

;

hence

~SS ¼

(
exp

Pn
j¼1

ðB�ÞjWj

 !
HðuÞ

��
u¼u�

����1 � � � �; � 2 Zn

)
:

We then arrive at the important conclusion that any structure,

be it modulated or not, can be described from one (decorated)

unit cell, by applying an operator of translation containing a

Z-module. This operator is exactly the same for both kinds of

structures; the difference appears in its action on points of the

unit cell. In the non-modulated case, the map H corresponds

to the identity and the action of the operator just consists of

adding an element of the Z-module to the coordinates of the

point, while in the modulated case, this action also corre-

sponds to a translation, but it takes account of the para-

meterization H of the space. Thus, thanks to Lie group theory,

one has a unified concept of translation for structures, be they

modulated or not, without considering any additional

dimensions. This claim will become more explicit in the next

section.

3. Electron density and Fourier transform

Diffraction by X-rays constitutes one of the most powerful

tools for studying crystals at the atomic scale. In a formal

mathematical language, diffraction by X-rays corresponds to

the calculation of the Fourier transform of the total electron

density of all the atoms constituting the crystal.

The appropriate framework for studying the Fourier

transform is the Schwartz space SCHðRn
Þ (see Strichartz,

1994), as this space is closed under the Fourier transform

operation: the Fourier transform of any function of SCHðRn
Þ

is also a function of SCHðRn
Þ. However, for crystallographic

applications, other functions, which are not in SCHðRn
Þ, must

be taken into account. Thanks to the theory of distributions,

such functions can be treated in the frame of the Schwartz

space as well, without creating any problem.

3.1. Structure in the manifold

For an n-dimensional crystal structure, one assumes that the

electron density � of an atom � is described by a function of

SCHðR
n
Þ, which can be written as

R
n
�! SCHðR

n
Þ

r 7 �! ��ðr� r�Þ;

where r ¼ ðr1; . . . ; rnÞ is an n-dimensional variable and

r� ¼ ðr�
1; . . . ; r�

nÞ are the coordinates of the centre of the

considered atom in Rn. These coordinates correspond to the

natural coordinates of the n-dimensional Euclidean manifold

R
n. The reason for using r here instead of u will become clear

further on. The shape of � depends on the kind of atom; the

function reaches its maximum values in a neighbourhood of

the centre of the atom and it vanishes when the norm of r� r�
tends to infinity.

We have seen previously that modulated structures are

described in a manifold M which corresponds to Rn, para-

meterized by the one-to-one map H : Rn
! M ffi Rn which is

the sum of the identity map and a wavefunction of the posi-

tion. This function H carries the position u of an atom in the

average structure in R
n to the displaced position r ¼

HðuÞ 2 Rn. A different letter is used for the same natural

coordinate system in Rn, in order to distinguish the domain

and the target; to be precise, we have rj ¼ uj �HðuÞ ¼ hjðuÞ,

where H ¼ ðh1; . . . ; hnÞ. Electron densities on M are there-

fore elements of SCHðRn
Þ.

Let us consider r� ¼ Hðu�Þ. Then, the function r 7!

��ðr�Hðu�ÞÞ is the electron density of an atom � centred at

the point of coordinates Hðu�Þ. It can be written as

r 7 �! ��
�
r�Hðu� þ uÞ

���
u¼0
: ð20Þ

Let
Pn

j¼1ðB�Þ
j
Wj be an element of Z

n
B 	 transðMÞ (see x2.3),

where Wj ¼ In @j, with @j ¼ @=@u
j, and B is the matrix char-
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acterizing the geometry of the lattice associated with the

average structure of the modulated crystal to which the atom �
belongs. Then

exp
Pn
j¼1

ðB�ÞjWj

 !
��
�
r�HðuÞ

����
u¼u�

¼ ��
�
r�Hðu� þ B�Þ

�
:

ð21Þ

Indeed, �� can be considered as a function of u ¼ ðu1; . . . ; unÞ:

��
�
r�HðuÞ

�
¼ ~���ðuÞ;

thus

exp
Xn

j¼1

ðB �Þj Wj

 !
~���ðu

1; . . . ; un
Þ

¼ ~���ðuÞ þ
Xn

l¼1

ðB �Þj
@ ~���ðuÞ

@uj

þ
1

2

Xn

j1;j2¼1

ðB �Þj1 ðB �Þj2
@2 ~���ðuÞ

@uj1 @uj2
þ . . .

þ
1

r!

Xn

j1;...;jr¼1

ðB �Þj1���ðB �Þjr
@r ~���ðuÞ

@uj1 . . . @ujr
þ . . .

which exactly corresponds to the Taylor series of ~�� about u.

Summing equation (21) over � 2 Zn, we obtain the electron

density of all the atoms � of the structure. Note that this result

may also be obtained by considering ��ðr�Hðu� þ uÞÞ and by

taking its value at u ¼ 0. This point of view is more practical,

as the valuation does not depend on � any more; it will

therefore be used in the following calculations.

Let us consider the domain

D ¼ fB	 j 	 ¼ ð	1; . . . ; 	nÞ; 0 � 	i < 1; 8 1 � i � ng:

D is called the (primitive) unit cell of the average structure

and, by analogy, ~DD ��= HðDÞ is the (primitive) unit cell of the

corresponding modulated crystal. Suppose that � atoms (some

different, some similar) lie in D (in the average structure), the

centres of which are at the positions u� , 1 � � � �. Their

positions in the modulated structure are Hðu�Þ. The electron

density of all these atoms is then

�cellðrÞ ¼
P�
�¼1

��
�
r�Hðu�Þ

�
: ð22Þ

Let us write

�cell;uðrÞ ¼
P�
�¼1

��
�
r�Hðu� þ uÞ

�
ð23Þ

and consider �cell as a function of u, too. Applying to this latter

the exponential of an element
Pn

j¼1ðB�Þ
jWj, taking its value at

u ¼ 0 and summing over � 2 Zn, we obtain the electron

density �ðrÞ of the whole modulated structure:

�ðrÞ ¼

�
�=

"X
�2Zn

exp

�Xn

j¼1

ðB�ÞjWj

�
�cell;uðrÞ

#
u¼0

¼

"X
�2Zn

exp

�Xn

j¼1

ðB�ÞjWj

�X�
�¼1

��
�
r�Hðu� þ uÞ

�#
u¼0

¼

"X
�2Zn

X�
�¼1

exp

�Xn

j¼1

ðB�ÞjWj

�
��
�
r�Hðu� þ uÞ

�#
u¼0

¼
X
�2Zn

X�
�¼1

��
�
r�Hðu� þ B�Þ

�
: ð24Þ

In the case where H ¼ id (the identity map), we obtain the

electron density of the average structure. As in the previous

section, we see again that from the electron density of a unit

cell, the same set Z
n
B generates the electron density of the

whole structure, be it modulated or not. Note that this

calculation was done under the assumption which consists of

taking the electron density of an atom � of the average

structure and displacing it in the corresponding modulated

structure without turning or distorting it. This is not comple-

tely correct, unless the electron densities of the atoms have a

spherical symmetry. The conclusion drawn just above is then

an approximation of the real case, which is good if the

amplitude of the modulation is rather weak (this makes sense,

because in the case of a huge amplitude, an average structure

corresponding to the modulated one would no longer exist).

In order to find the Fourier transform of �, we can either

take the last expression of equation (24) and do a traditional

calculation, or consider the first expression and exploit the fact

that the variable r appears only in �cell;u. Following the second

way, we obtain

ðF�ÞðkÞ

¼

Z
R

n

X
�2Zn

exp
Xn

j¼1

ðB�ÞjWj

 !
�cell;uðrÞ

" #
u¼0

expðik � rÞ dnr

¼
X
�2Zn

exp
Xn

j¼1

ðB�ÞjWj

 ! Z
R

n

�cell;uðrÞ expðik � rÞ dnr

24 35
u¼0

¼

"X
�2Zn

exp
Xn

j¼1

ðB�ÞjWj

 !
�

�

Z
R

n

X�
�¼1

��
�
r�Hðu� þ uÞ

�
expðik � rÞ dnr

#
u¼0

;

where � is the Euclidean scalar product, given by

k � r ¼
Pn

a¼1 kara (note that ka ¼
Pn

b¼1 �abkb ¼ ka). Up to this

point, there was no need to specify H further. In the following

calculations, H shall be considered as the sum of the identity

and a displacement function ~HH, that is HðuÞ ¼ uþ ~HHðuÞ. Thus

��
�
r�Hðu� þ uÞ

�
¼ ��

�
r� u� � u� ~HHðu� þ uÞ

�
:

Considering the change of variable ~rr ¼ r� u� ~HHðu� þ uÞ, we

obtain
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ðF�ÞðkÞ

¼

"X
�2Zn

exp
Xn

j¼1

ðB�ÞjWj

 !
�

�

Z
R

n

X�
�¼1

��ð~rr� u�Þ exp

�
ik �

�
~rrþ uþ ~HHðu� þ uÞ

��
dn~rr

#
u¼0

¼

"X
�2Zn

X�
�¼1

exp
Xn

j¼1

ðB�ÞjWj

 !
exp

�
ik �

�
uþ ~HHðu� þ uÞ

��
�

�

Z
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr

#
u¼0

¼
X
�2Zn

X�
�¼1

exp

�
ik �

�
B�þ ~HHðu� þ B�Þ

��
�

�

Z
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr

¼
X
�2Zn

X�
�¼1

exp
�
ik � ðB�Þ

�
exp

�
ik � ~HHðu� þ B�Þ

�
�

�

Z
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr: ð25Þ

Note that, in this derivation, the calculation of the integral is

completely independent of the exponential of elements of Z
n
B.

Let us now suppose that ~HH is a periodic wavefunction of the

position; that is

u 7 �! ~HHð
 � uÞ;

with ~HHð
 � uþ TÞ ¼ ~HHð
 � uÞ, for a T 2 Rþ; note that this

relation means that ~hhjð
 � uþ TÞ ¼ ~hhjð
 � uÞ, for each

1 � j � n, where ~HH ¼ ð ~hh1; . . . ; ~hhnÞ. 
 is an element of Rn

called the wavevector of the wavefunction ~HH. Let U 2 SOnðRÞ

be a matrix such that all components of the column vector


0 ¼ U
 are equal to zero, except the first one, the value of

which is 
01 ¼ k
k ¼ ð
 � 
Þ1=2. The same matrix U applied to

the column vector u defines u0 ¼ Uu. Thus


 � u ¼ t
 u ¼ t
0 tU U u0 ¼ t
0 u0 ¼ k
ku01;

and ~HH can be seen as a function of u01. Since it is periodic,

there exists a T 2 Rþ such that

~HHðu01 þ TÞ ¼ ~HH k
kðu01 þ TÞ
� �

¼ ~HHðk
ku01Þ;

with T ¼ T=k
k and u01 7! expðik � ~HHðu01ÞÞ is also a periodic

function, with the same period T; indeed

exp
�
ik � ~HHðu01 þ TÞ

�
¼ exp i

Pn
j¼1

kj
~hhjðu01 þ TÞ

 !

¼ exp i
Pn
j¼1

kj
~hhjðu01Þ

 !
¼ exp ik � ~HHðu01Þ

� �
:

It can then be developed into a Fourier series:

exp ik � ~HHðu01Þ
� �

¼
P

m2Z

cmðk; 
Þ expðim!u01Þ;

where ! ¼ 2�=T and

cmðk; 
Þ ¼
1

T

ZtþT

t

exp ik � ~HHðu01Þ
� �

expð�im!u01Þ du01

¼
1

T

ZtþT

t

exp ik � ~HHðu01Þ � im!u01
� �

du01:

The expression !u01 can be written

!u01 ¼
2�

T
u01 ¼

2�

T
01

01u01 ¼

2�

Tk
0k

0 � u0 ¼

2�

Tk
k

 � u:

We can consider Tk
k ¼ 1. Indeed, even if it were not the

case, we could define the vector 
 ¼ 
=Tk
k and consider ~HH as

a function of 
 � u. Thus

exp
�
ik � ~HHðu01Þ

�
¼
P

m2Z

cmðk; 
Þ expð2�im
 � uÞ:

Since expðik � ~HHðu01ÞÞ = expðik � ~HHð
01u01ÞÞ = expðik � ~HHð
 � uÞÞ,
then

exp
�
ik � ~HHð
 � uÞ

�
¼
P

m2Z

cmðk; 
Þ expð2�im
 � uÞ;

in particular

exp

�
ik � ~HH

�

 � ðu� þ B�Þ

��
¼
P

m2Z

cmðk; 
Þ exp
�
2�im
 � ðu� þ B�Þ

�
:

The Fourier transform of � then becomes

ðF�ÞðkÞ

¼
P
�2Zn

P�
�¼1

exp
�
ik � ðB�Þ

�
�

�
P

m2Z

cmðk; 
Þ exp
�
2�im
 � ðu� þ B�Þ

�
�

�
R
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr

¼
P
�2Zn

P�
�¼1

P
m2Z

cmðk; 
Þ expð2�im
 � u�Þ�

� exp
�
iðkþ 2�m
Þ � ðB�Þ

�
�

�
R
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr:

The result of the summation over � finally gives

ðF�ÞðkÞ ¼ ð2�Þn det B�1
X
m2Z

cmðk; 
Þ�

�
X
‘2Zn

�

�
k� 2�

�
t
ðB�1
Þ‘�m


��
�

�
X�
�¼1

Z
R

n

��ðr� u�Þ expðik � rÞ dnr�

� expð2�im
 � u�Þ; ð26Þ
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where � is the n-dimensional generalized Dirac function. This

formula shows that the Fourier transform of the electron

density of a modulated structure is non-zero only when

k ¼ 2�
�

tðB�1Þ‘�m

�
; ‘ 2 Zn;m 2 Z: ð27Þ

In the case where H ¼ id (the identity map), all coefficients cm

are equal to zero, except c0 ¼ 1. Equation (26) becomes

ðF�ÞðkÞ ¼ ð2�Þn det B�1
P
‘2Zn

� k� 2� tðB�1Þ‘
� �

�

�
P�
�¼1

R
R

n

��ðr� u�Þ expðik � rÞ dnr; ð28Þ

it is non-zero only when

k ¼ 2� t
ðB�1
Þ‘; ‘ 2 Zn: ð29Þ

The set

� ¼ f2� t
ðB�1
Þ‘ j ‘ 2 Zn

g

is called the reciprocal lattice of � ¼ fB� j � 2 Zn
g which is

called the direct lattice. In order to eliminate the factor 2�
appearing in �, we introduce the variable k� ¼ k=2�. Thus, we

define the reciprocal lattice of � as

�

¼ f

t
ðB�1
Þ‘ j ‘ 2 Zn

g:

The lattice �, seen in the tangent space at the origin ToR
n, has

the structure of a Z-module. A natural basis for � is

fBe1; . . . ; Beng, where e1; . . . ; en are the column vectors

constituting the canonical basis of Rn (the components of ei

are all equal to zero, except the ith, the value of which is 1); the

vectors tðB�1Þ e1; . . . ; tðB�1Þ en form a basis of �

. Let us write

ai ¼ B ei and aj ¼
tðB�1Þ ej, for all 1 � i; j � n; then

ai � a

j ¼

tai aj ¼
tei

tB t
ðB�1
Þ ej ¼

tei ej ¼ �ij ð30aÞ

and

ai � aj ¼
tai aj ¼

tei B�1 B ej ¼
tei ej ¼ �ij: ð30bÞ

These relations appear in a clearer way when considering the

components of ai and aj :

ai ¼

b1
i

..

.

bn
i

0B@
1CA and aj ¼

b
i

1

..

.

b
j

n

0B@
1CA;

with B ¼ ðbi
jÞ

n
i;j¼1 and B�1 ¼ ðbi

jÞ
n
i;j¼1. The sets fa1; . . . ; ang

and fa1; . . . ; ang are both bases of ToR
n and are, respectively,

called the direct basis and reciprocal basis. Equations (30a)

and (30b) are properties of these bases and express, in a way,

the duality between the tangent space ToR
n and the cotangent

space ToR
n, that is the space of all differential maps df of

f 2 C10 ðR
n
Þ. This cotangent space is a vector space and its

elements are called one-forms. If ðx1; . . . ; xnÞ is a coordinate

system on a neighbourhood U of a manifold M, the one-forms

dx1; . . . ; dxn form a dual basis of the coordinate vector

fields @1; . . . ; @n, where @i ¼ @=@x
i, 1 � i � n, as dxið@jÞ ¼

@xi=@xj ¼ �i
j (where �i

j is the Kronecker symbol). Thus, in our

case, if we write

ai ¼
Pn
l¼1

bl
i @l and a]j ¼

Pn
m¼1

b
j

m dum ð31Þ

with @l ¼ @=@u
l, we have

a]iðajÞ ¼
Xn

m¼1

b
j

m dum
Xn

l¼1

bl
i @l

 !

¼
Xn

l;m¼1

b
j

m bl
i dumð@lÞ

¼
Xn

l;m¼1

b
j

m bl
i �

m
l ¼

Xn

l¼1

b
j

l bl
i ¼ �

i
j:

In particular, this relation holds when ai; 1 � i � n, and

a]j; 1 � j � n, are valued at the origin o. ða]1; . . . ; a]nÞ is the

dual basis of ða1; . . . ; anÞ. The components of a]i are equal to

those of ai ; 1 � i � n. This is the reason why the reciprocal

basis is often referred to as the dual basis. In any case, we

should keep in mind that the vectors a1; . . . ; an valued at o

belong to ToR
n and not to ToR

n; this explains why their index

is at the bottom and not at the top. In order to show that,

under a basis change, it is transformed in the same way as the

dual vectors a]i; 1 � i � n, the index is also often written at the

top, so that we have equivalent notations ai ¼ ai; 1 � i � n.

All these considerations show that the tangent and cotangent

spaces at a point are isomorphic. The fact that ai are elements

of a tangent and not cotangent space causes a problem with

units. Indeed, any vector ai has a unit of distance, whereas ai
has a unit of inverse distance. This problem disappears

completely when the dual basis, instead of the reciprocal one,

is considered. In this case, � 2 ToR
n;�


2 ToR

n, and the

Fourier transform should be defined as a map from ToR
n to

ToR
n.

As a conclusion of these few calculations, we can express

the following result:

Let � be the electron density of a crystal structure

~SS ¼ fHðu� þ B�Þ j 1 � � � �; � 2 Zn
g;

where � ¼ fB� j � 2 Zn
g is the associated lattice of the

corresponding average structure S. Let also �cell;uju¼0 be the

electron density of the atoms in one unit cell of ~SS [see

equation (23)] and F�cell;uju¼0 its Fourier transform. Then

�ðrÞ ¼
X
�2Zn

exp
Xn

j¼1

ðB �Þj @j

 !
�cell;uðrÞ

��
u¼0

ð32aÞ

and

ðF�ÞðkÞ ¼
X
�2Zn

exp
Xn

j¼1

ðB �Þj @j

 !
ðF�cell;uÞðkÞ

��
u¼0

; ð32bÞ

the same module Z
n
B 2 transðR

n
Þ [see equation (19)] generates

� from �cell and F� from F�cell (see Fig. 2).

The important point is that these two expressions hold for

any map H which is at least piecewise smooth, and therefore

also when H corresponds to the identity map. Common

formulae for the electron density and its Fourier transform
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have been obtained, for non-modulated and (displacive)

modulated structures. The electron density of one unit cell, as

well as its Fourier transform, appear concretely, with a neat

separation with the aspect of translation. Note that, in the

non-modulated case, the application of the exponential of Z
n
B

to the electron density of one unit cell (respectively, its Fourier

transform) leads to the convolution (respectively, the normal

product) with this electron density (respectively, its Fourier

transform) and the Dirac comb of the direct lattice (respec-

tively, the Dirac comb of the reciprocal lattice).

If we have a look at equations (26) and (27), we see that F�
is in particular non-zero when k ¼ 2� tðB�1Þ‘, that is on the

node of the reciprocal lattice � of the lattice � associated

with the average structure S. Moreover, we notice that the

part of equation (26) for which m ¼ 0 is identical to equation

(28). Thus, the Fourier transform of the electron density of a

modulated structure has exactly the same values on the points

k ¼ 2� tðB�1Þ‘ as that of the corresponding average structure.

In a way, we can say that the Fourier transform straightens out

the shape of a modulated structure; in contrast, it generates

additional points. Note that since F� is non-zero when

k ¼ 2� tðB�1Þ‘� ðm=Tk
kÞ

� �

, so it is for jF�j2. The points

k ¼ 2� tðB�1Þ‘ are called main reflections and all the others for

which F� 6¼ 0 are called satellite reflections. The index m is

called the order of the satellite reflection.

3.2. Structure in the tangent space

Let us recall from x2 that the representation ~TT o of a

modulated structure ~SS in the tangent space at the origin o is

~TT o ¼ f�ð0Þðu� þ B�Þ j 1 � � � �; � 2 Zn
g;

where � ¼ ð@hi=@ujÞ
n
i;j¼1, H ¼ ðh1; . . . ; hnÞ. The corresponding

electron density can be written as

tg�ðvÞ ¼
P
�2Zn

P�
�¼1

��
�
v��ð0Þ ðu� þ B �Þ

�
: ð33Þ

In this expression, the electron density �� of each atom � is

considered to be the same as that in the case of the structure in

the manifold; it is not turned according to the shape of �ð0Þ�.

There is no physical reason for proceeding in such a way, as

the structure in the tangent space does not describe reality and

is rather a tool for coherent definitions of space- and point-

group operations. The use of the same �� is motivated by the

wish to have a relatively simple way to connect the electron

density of a crystal in the manifold and that in a tangent space

(see next subsection).

Geometrically speaking, the representation of a modulated

structure in a tangent space has the shape of a non-modulated

structure in the n-dimensional Euclidean manifold. This

explains why tg� can be written as a convolution product

[which is in fact a consequence of the application of the

module ZB to the electron density of one unit cell in the

tangent space tg�cell (see Fig. 2)]:

tg� ¼ tg�cell  ��ð0Þ�; ð34Þ

where

tg�cellðvÞ ¼
P�
�¼1

��
�
v��ð0Þu�

�
ð35aÞ

and

��ð0Þ�ðvÞ ¼
P
�2Zn

�
�
v��ð0Þ�

�
: ð35bÞ

The Fourier transform of tg� is then

ðF tg�Þð�Þ ¼ ðF tg�cellÞð�ÞðF ��ð0Þ�Þð�Þ

¼

Z
R

n

X�
�¼1

��
�
v��ð0Þu�

�
expði� � vÞ dnv�

�

Z
R

n

X
�2Zn

�
�
~vv��ð0ÞB�

�
expði� � ~vvÞ dn ~vv

¼ det
�
B�1�ð0Þ�1

� Z
R

n

X�
�¼1

��
�
v��ð0Þu�

�
expði� � vÞ dnv�

�
X
‘2Zn

�

�
�� 2� t

�
B�1�ð0Þ�1

�
‘

�
: ð36Þ

This expression is non-zero only when
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Figure 2
Illustration of the effect of the Lie group of translations. (a) Deformation
of the average structure through the map H. (b) Through the exponential
of the module ZB, the distorted unit cell generates the whole structure. (c)
In the tangent space, the unit cell is a parallelepiped and the whole
structure is obtained by applying to this cell the module ZB. (d) The spots
appearing in the diffraction pattern are a consequence of the application
of the exponential of the module ZB to the Fourier transform of a unit
cell.



� ¼ 2� t
�
B�1�ð0Þ�1

�
‘; ‘ 2 Zn; ð37Þ

that is when

� ¼ t
�
B�1�ð0Þ�1

�
‘; ‘ 2 Zn; ð38Þ

where � ¼ �=2�. Note that, in the case where H is the identity

map, then

ðF tg�Þð�Þ ¼ det B�1
R
R

n

P�
�¼1

��ðv� u�Þ expði� � vÞ dnv�

�
P
‘2Zn

�
�
�� 2� tðB�1Þ‘

�
: ð39Þ

This equation is identical to equation (28), which is expected,

since a crystal structure in the Euclidean manifold and its

representation in the tangent space at the origin are exactly

the same. In this case, ðF tg�Þ is non-zero only when

� ¼ t
ðB�1
Þ‘; ‘ 2 Zn: ð40Þ

The set

�o ¼ f
t
ðB�1�ð0Þ�1

Þ‘ j ‘ 2 Zn
g

is called the reciprocal lattice of �o, which is called the direct

lattice. Both lattices have the structure of a Z-module.

Note that the notions of direct and reciprocal lattices

are in fact related to the concepts of direct and

reciprocal bases. Natural bases for �o and �o are,

respectively, f�ð0ÞBe1; . . . ; �ð0ÞBeng and ftðB�1�ð0Þ�1
Þe1;

. . . ; tðB�1�ð0Þ�1
Þeng, where e1; . . . ; en are the column vectors

forming the canonical basis of R
n. With ~aai ¼ �ð0ÞBei,

1 � i � n, and ~aaj ¼
tðB�1�ð0Þ�1

Þej, 1 � j � n, we immediately

see that ~aai � ~aa

j ¼ ~aai � ~aaj ¼ �ij. This justifies the names of direct

and reciprocal lattices given, respectively, to �o and �o. As

discussed previously, it is more natural to consider �o as a set

in ToM and �o a set in ToM. Indeed, if we write

ai ¼
Pn
l¼1

~bb
l

i @l

��
o

and a]j ¼
Pn
m¼1

~bbj
m dum

��
o
;

where �ð0ÞB ¼
�
~bbi

j

�n

i;j¼1
and ð�ð0ÞBÞ�1

¼
�
~bbi

j

�n

i;j¼1
, we obtain

a]iðajÞ ¼
Pn

l;m¼1

~bbj
m

~bbl
i dumð@lÞ

��
o
¼ �i

j:

Thus, it appears that the more appropriate framework for the

Fourier transform is the Schwartz space on the tangent and

cotangent spaces at the origin o of the manifold M:

F : SCHðToMÞ �! SCHðToMÞ

� 7 �! F�:

Indeed, F has a friendly behaviour if the space in which the

electron density is considered has the structure of a vector

space. In the Euclidean case, any crystal structure in the

manifold and its representation in the tangent space at the

origin are completely identical; hence the Fourier transform of

the electron density in the manifold and in the tangent space

at the origin are completely the same. However, for modulated

structures, this is more complicated. The previous calculations

would suggest considering the electron density of a structure

in the tangent space and obtaining its Fourier transform on the

cotangent space at the origin; however, this result does not

correspond to reality. It would make sense only if a connection

between the Fourier transform of the electron density of the

real structure and that of its tangent-space representation

could be established. This point will be treated in the next

subsection. Note that the tangent and cotangent spaces both

correspond to Rn, the only difference lying in the base vectors

and their units. The canonical basis vectors of Rn have no unit,

while those of ToM have a unit of distance and those of ToM a

unit of inverse distance.

3.3. Connection between manifold and tangent space

In equation (33) for tg�, the argument �ð0Þðu� þ B�Þ can be

written in components asXn

j¼1

!i
jð0Þ
�
u�

j
þ ðB �Þj

�
¼
Xn

j¼1

�
u�

j
þ ðB �Þj

� @hiðuÞ

@uj

����
u¼0

; ð41Þ

where � ¼ ð!i
jÞ

n
i;j¼1 ¼ ð@h

i=@ujÞ
n
i;j¼1. To obtain hiðu� þ B �Þ

from this expression, we need to apply the exponential ofPn
j¼1ðu

j
� þ ðB �Þ

j
Þ @j to hi and take the value of the resulting

expression at u ¼ 0. Since the exponential is given by its

power series, it appears, in the connection between tg� and �,

as an infinity of convolution products with Dirac functions.

Indeed, let us first consider

r 7 �! �

�
r�

1

2

Xn

j1;j2¼1

ðu� þ B �Þj1 ðu� þ B �Þj2
@2HðuÞ

@uj1 @uj2

�
: ð42Þ

The convolution of this function with

r 7! ��

�
r�

Pn
j¼1

ðu� þ B �Þj @jHðuÞ

�
is Z

R
n

��

�
r� r0 �

Xn

j¼1

ðu� þ B �Þj
HðuÞ

@uj

�
�

� �

�
r0 �

1

2

Xn

j1;j2¼1

ðu� þ B �Þj1 ðu� þ B �Þj2
@2HðuÞ

@uj1 @uj2

�
dnr0;

that is

��

�
r�

Xn

j¼1

ðu� þ B �Þj
@HðuÞ

@uj

�
1

2

Xn

j1;j2¼1

ðu� þ B �Þj1 ðu� þ B �Þj2
@2HðuÞ

@uj1 @uj2

�
;

the first and second terms of the Taylor series of H appear in

the argument of ��. Taking this function and calculating the

convolution product with the Dirac function containing the

third term of the Taylor series of H, that is

1

3!

Xn

j1;j2;j3¼1

ðu� þ B �Þj1 ðu� þ B �Þj2 ðu� þ B �Þj3
@3HðuÞ

@uj1 @uj2@uj3
;

we obtain a function �� in the argument of which the first,

second and third terms of the Taylor series appear. Continuing

this procedure, we finally obtain a function �� such that all the
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terms of the Taylor series of H (the zeroth term, if it is not

equal to zero, also needs to be considered) appear in its

argument. Let

tg��ðrÞ ��= ��;u r�
Pn
j¼1

ðu� þ B �Þj @jHðuÞ

 !
ð43Þ

and

�Dm
�;�HðuÞðrÞ

�
�= � r�

1

m!

Xn

j1;...;jm¼1

ðu� þ B �Þj1 . . . ðu� þ B �Þjm
@mHðuÞ

@uj1 . . . @ujm

 !
;

ð44Þ

where the variable v has been replaced by r. Then

where �HðuÞðrÞ ¼ �ðr�HðuÞÞ. Note that H can always be

considered such that Hð0Þ ¼ 0, hence

The calculation of the Fourier transform of �� is therefore

simply equal to the product of the Fourier transforms of each

term of the convolution product:

ðF��ÞðkÞ

¼ ðF�HðuÞÞðkÞðF tg��;uÞðkÞ
Yn

m¼2

ðF�Dm
�;�HÞðkÞ

���
u¼0

¼ exp
�
ik �HðuÞ

� Z
R

n

tg��;uðrÞ expðik � rÞ dnr�

�
Yn

m¼2

exp

�
ik �

1

m!

Xn

j1;...;jm¼1

ðu� þ B�Þj1 . . . ðu� þ B�Þjm �

�
@mHðuÞ

@uj1 . . . @ujm

�����
u¼0

:

This expression almost contains the exponential of the scalar

product of ik and the Taylor series of H. To complete it, we

multiply ðF��ÞðkÞ by

1 ¼ exp ik �
Xn

j¼1

ðu� þ B �Þj
@HðuÞ

@uj

 !
�

� exp �ik �
Xn

j¼1

ðu� þ B �Þj
@HðuÞ

@uj

 !����
u¼0

:

After simplification, we find

ðF��ÞðkÞ ¼
R
R

n
tg��;uðrÞ

��
u¼0

expðik � rÞ dnr�

� exp
�
�ik ��ð0Þ ðu� þ B �Þ

�
�

� exp
�
ik �Hðu� þ B �Þ

�
:

Carrying out the change of variable ~rr� u� ¼

r��ð0Þðu� þ B�Þ, we obtain

tg��;uð~rrÞ
��

u¼0
¼ ��ðr� u�Þ;

and

ðF��ÞðkÞ ¼
R
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr�

� expð�ik � u�Þ exp
�
ik �Hðu� þ B�Þ

�
¼ exp

�
ik � ðB�Þ

�
exp

�
ik � ~HHðu� þ B�Þ

�
�

�
R
R

n

��ð~rr� u�Þ expðik � ~rrÞ dn~rr; ð46Þ

where H ¼ idþ ~HH. Summations over � and � yield the same

relation as equation (25). All these derivations can be

summarized as follows.

Let ~SS be a modulated structure (in the manifold M para-

meterized by H) and

r 7 �! �ðrÞ ¼
P
�2Zn

Pn
�¼1

��
�
r�Hðu� þ B�Þ

�
:

Then

and

ðF�ÞðkÞ ¼
P
�2Zn

Pn
�¼1

ðF�HðuÞÞðkÞðF tg��;uÞðkÞ�Yn

m¼2

ðF�D�;�m HðuÞÞðkÞ
���

u¼0
;

where tg��;u (tg��;uju¼0 being the electron density of the atom �
in the tangent space at the origin) and �Dm

�;�HðuÞ are, respec-

tively, given by equations (43) and (44).

This proposition shows the connection between the electron

densities on the manifold and in the tangent space at the

origin, and that between the Fourier transforms of the electron

densities on the manifold and in the cotangent space at the

origin. This result becomes more explicit if we write the

expression of the Fourier transform of the electron density in

the tangent space at the origin,

ðF tg�ÞðkÞ ¼
P
�2Zn

P�
�¼1

R
R

n

��
�
r��ð0Þu�

�
expðik � rÞ dnr�

� exp
�
ik � ð�ð0ÞB�Þ

�
;

and consider the change of variable ~rr� u� ¼ r��ð0Þu�.
Indeed, we obtain

ðF tg�ÞðkÞ ¼
X
�2Zn

X�
�¼1

Z
R

n

��
�
r� u�

�
expðik � rÞ dnr�

� expð�ik � u�Þ exp

�
ik �

�
�ð0Þðu� þ B�Þ

��
:

The substitution of �ð0Þðu� þ B�Þ by Hðu� þ B�Þ yields the

Fourier transform of the electron density of the structure

in the manifold. Note that the connection between

�ð0Þðu� þ B�Þ and Hðu� þ B�Þ is just the Taylor series

of H about 0. The summation over the terms of this

series appears as a convolution product in the expression for
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� and as a product in the expression for F�, as it must be,

since the exponential of a sum is equal to a product of expo-

nentials.

4. Conclusion

The group of translations, seen as a Lie group, is an essential

tool for describing the periodicity of a crystal. Any crystal

structure, whether modulated or not, is obtained by the

application of a discrete subgroup of the translation group to

the points of a (decorated) unit cell. The translation group is

the instrument that generates the three-dimensional repetition

of a brick, while taking into account the particular geometry of

the space in which the cell is considered. Thus, the Fourier

transform of the electron density of a modulated structure can

be written as the Fourier transform of the electron density

over one (modulated) unit cell on which acts a discrete

subgroup of translations. The notion of structure factor is then

recovered in modulated structures, without using additional

dimensions.

The next step is to try to solve and refine a modulated

structure by using the concept of action of the translation

group on the electron density over a unit cell. As the structure

factor can be isolated in the expression of the Fourier trans-

form of the electron density of a modulated structure, this

should be possible somehow, even if the action of the elements

of the translation group on a point does not consist of a

multiplication but involves the concept of derivative.
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